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1 Introduction
Maximal supergravity theories in various dimensions are known to possess intruiging du-
ality symmetries which can optionally be broken by non-abelian gauge interactions. Many
of these theories can be described as truncations from eleven-dimensional supergravity or
from ten-dimensional IIB supergravity in the context of dimensional compactification on
an internal manifold of appropriate dimensionality. Already at an early stage this raised
the question whether the higher-dimensional supergravities might somehow reflect the ex-
ceptional duality symmetries that are present in their lower-dimensional ‘descendants’.
This question has a long history and is also relevant for proving the existence of consistent
truncations to maximal supergravities, implying that any solution of the lower-dimensional
maximal supergravity can be uplifted to the higher-dimensional one.
An early attempt to answer this question was based on a reformulation of the full
eleven-dimensional supergravity obtained by performing a suitable Kaluza-Klein decom-
position to four dimensions while retaining the full dependence on the seven internal co-
ordinates [1]. The key element here was to ensure that the resulting theory was invariant
under the four-dimensional R-symmetry group SU(8). This symmetry was locally real-
ized with respect to all the eleven coordinates, and it was introduced by a gauge equivalent
re-assembling of the original Spin(10, 1) tangent space. The resulting supersymmetry trans-
formation rules then took a form that was almost identical to the four-dimensional ones,
which do indeed exhibit the typical characteristics of the E7(7) dualities, but now with
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fields that still depend on all eleven space-time coordinates. Eventually this set-up made
it possible to establish the consistency of the S7 truncation, meaning that the whole field
configuration of four-dimensional SO(8) gauged supergravity can be uplifted as a subman-
ifold in the full eleven-dimensional theory by specifying the dependence of the fields on the
seven internal coordinates [2, 3] .
Recently this approach was substantially extended by including the supersymmetry
transformations of dual fields, which opened a new window to accessing the E7(7) duality
properties of the full eleven-dimensional supergravity [4–7]. Given these recent insights,
it is a natural question whether similar structures can be derived for IIB supergravity
in the context of a 5 + 5 split of the coordinates. In the present paper we confirm that
this is indeed the case and we present a detailed analysis to support this. Qualitatively
the results turn out to be rather similar to the case of eleven-dimensional supergravity,
but many new features arise. In this case the tangent space is re-assembled such that the
theory is manifestly invariant under local USp(8). This group contains the USp(4) subgroup
of the 10D tangent space group and the explicit U(1) of IIB supergravity as subgroups.
Obviously the SU(1, 1) ∼= SL(2) subgroup of E6(6) is manifestly realized from the start.
Another interesting aspect is that the five-dimensional gauged supergravity theories, when
described in terms of the embedding tensor formalism [8], involve 27 vector and 27 two-rank
tensor fields which constitute the beginning of an intricate vector-tensor hierarchy [9, 10].
As we will discover in this paper, these features are also present when one retains the
dependence on the extra internal coordinates for IIB supergravity, so that this vector-
tensor hierarchy does emerge in a ten-dimensional context. This is undoubtedly related to
the fact that in the recent work on an E6(6) exceptional geometry that incorporates both 11-
dimensional and 10-dimensional IIB supergravity, the vector-tensor hierarchy also plays a
key role [11]. Irrespective of these issues, the analysis presented in this paper has to address
a number of subtle technical complications that are absent in the corresponding analysis
of eleven-dimensional supergravity. Many of those are caused by the fact that the field
representation of IIB supergravity is more reducible than that of the eleven-dimensional
one, while the supersymmetry is an extended one (i.e. N = 2).
While it is clearly significant that the approach initiated in [1] can be applied suc-
cessfully to IIB supergravity, we should also point out that a wider variety of alternative
approaches has been developed meanwhile. These approaches are also aimed at understand-
ing and/or exploiting the duality symmetries in the context of M-theory and string theory,
and sometimes involve substantial extensions of the conventional supergravity framework.
Some of them make use of additional space-time coordinates and extended geometrical
structures or duality groups. One such approach is based on generalized geometry [12, 13],
where one considers an extended tangent space that captures all the bosonic degrees of
freedom, sometimes related to double field theory (see e.g. [14–21] and references quoted
therein). There exists also a variety of extended duality groups that have been proposed
in combination with a choice of an exceptional space-time, such as in [22–25]. The work
in [11, 26–28] is based on extending the number of space-time coordinates subject to an ‘ex-
ceptional geometry’ so that the higher-dimensional theory is manifestly duality invariant.
It is worth stressing that the work described in this paper is exclusively based on the on-
shell formulation of IIB supergravity, as originally constructed in [29–31]. As is well known
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the compactification of ten-dimensional type-IIB supergravity on a five-dimensional torus
leads to five-dimensional maximal supergravity [32] with a non-linearly realized E6(6) sym-
metry, whose maximal compact subgroup USp(8) coincides with the R-symmetry group.
Compactification on a curved internal manifold, such as the sphere S5, will necessarily
break some of the symmetries mentioned above. In the case of S5 one expects to obtain
the SO(6) gauging of maximal supergravity upon truncating the massive modes, because
the isometry group of S5 equals SO(6) [33]. Various results on the consistency of this
truncation have already been reported in the literature (see, e.g. [21, 34]). From the five-
dimensional viewpoint, the breaking of the E6(6) symmetry is understood as a result of the
non-abelian gauge interactions, because the SO(6) gauge group is embedded into E6(6).
As we discussed above, it is possible to reformulate the higher-dimensional theory upon
splitting the coordinates into 5 space-time and 5 internal coordinates, while retaining the
full dependence on the two sets of coordinates. To ensure that the theory takes the form
of the lower-dimensional theory with fields that depend in addition on the five internal
coordinates, one adopts a gauge-equivalent version of the tangent space such that the
tangent space group will be restricted to the product group SO(4, 1)×SO(5). Subsequently
one combines the group SO(5) associated with the internal five-dimensional tangent space
with the manifest local U(1) group of IIB supergravity. The crucial step is then to extend
this product group to USp(8), which is the R-symmetry group for five-dimensional maximal
supergravity. Hence we envisage
Spin(9, 1)×U(1) −→ Spin(4, 1)× [USp(4)×U(1)]
−→ Spin(4, 1)×USp(8) , (1.1)
where we now refer to the universal covering groups which are relevant for the fermions.
Initially only the USp(4)×U(1) subgroup is realized as a local invariance that involves all
ten coordinates. In order to realize the full local USp(8) invariance, it suffices to introduce
a compensating USp(8)/[USp(4)×U(1)] phase factor.
The ensuing analysis will be more subtle for IIB supergravity than for 11D super-
gravity. The latter contains a single fermion field corresponding to the gravitino that de-
composes directly into 4D gravitini transforming in the 8 representation and 4D spin-1/2
fermions transforming in the 48 + 8 representation of Spin(7). As was first demonstrated
in [35], these fields can be reassembled upon extending the group Spin(7) to chiral SU(8),
so that the gravitini transform in the 8 ⊕ 8 representation and the spin-1/2 fields in the
56⊕56 representation of chiral SU(8). The IIB fermion representation, on the other hand,
is already reducible in 10 dimensions and consists of a complex gravitino and a complex
dilatino field. The USp(4) tangent-space group can in principle be generalized for each
of these fields to SU(4) ∼= SO(6). Furthermore, the fermions of the IIB theory transform
under a locally realized U(1). Therefore, the R-symmetry group of the 5D fermions is ex-
tended from SU(4) to SU(4)×U(1). For the gravitini this group can be directly extended
to the expected USp(8) R-symmetry group, under which the gravitini will transform in
the 8 representation. However, for the spin-1/2 fermions one must combine the gravitino
associated with the internal space, comprising 40 symplectic Majorana spinors, with the di-
latino, comprising 8 such spinors, into an irreducible 48 representation of the group USp(8).
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It is clear that assembling the different IIB fermions into a single irreducible spinor that
transforms covariantly under USp(8), is a subtle task.
Therefore our strategy is to first identify the vector and tensor gauge fields and their
supersymmetry transformations, subject to the vector-tensor hierarchy that is known from
the embedding tensor formulation of 5D maximal supergravity [8]. Unlike in the case of
11-dimensional supergravity one must also include the tensor fields in the analysis, because
in five dimensions the dynamical degrees of freedom for generic gaugings are always carried
by a mixture of vector and tensor fields. Hence the vector-tensor hierarchy plays a key
role here at a much earlier stage of the analysis and it is not sufficient to rely exclusively
on a proper preparation of the target space as indicated in (1.1). As it turns out, five
of the tensor fields are still unaccounted for, but even without these missing tensors we
have sufficient information to determine the generalized vielbeine, the USp(8) covariant
spinor fields, and the supersymmetry transformations of the generalized vielbeine. Using
the vector-tensor hierarchy as a guide, one can incorporate the missing five tensor fields
which turn out to transform in a representation that coincides precisely with that of a
descendant of the 10D dual graviton [36–38]. Hence the dual graviton emerges in the form
of tensor fields, unlike in the 11-dimensional situation [6] where the dual graviton resides
in the vector sector. We present a basis for the vector and tensor fields which is manifestly
in agreement with the E6(6) assignments known from the 5D theory, which involves the
invariant three-rank symmetric tensor of that group.
In spite of many subtle differences, the gross features of the present analysis are in
agreement with those of 11-dimensional supergravity, implying that the approach that has
been adopted is sufficiently robust to be applied to more complicated situations. The super-
symmetry transformations of the fields are covariant under local USp(8) transformations.
The results opens the way to study many other detailed questions, such as the consistency
of the truncation to the SO(6) gauging of maximal five-dimensional supergravity or other
consistent truncations along the lines followed in [39]. Also the precise relation with the
consistent Kaluza-Klein truncations using exceptional field theory [40] is worth pursuing,
as well as many other issues that have recently emerged.
This paper is organized as follows. In section 2 the relevant properties of IIB super-
gravity are summarized and the conventions are defined. Subsequently, in section 3, the
Kaluza-Klein decompositions are carried out to ensure that the fields transform covariantly
from the viewpoint of the 5D space-time. Also the conversion to 5D spinors and gamma
matrices is discussed as well as the proper definitions of the 5D vector and tensor fields
that emerge directly from the 10D boson fields. As it turns out, further redefinitions on
the vector and tensor fields are required such that they transform under supersymmetry
in a way that is consistent with the vector-tensor hierarchy. In section 4 the dual vector
and tensor fields are introduced. Again their proper identification is based on covariance
in the 5D space-time and on the vector-tensor hierarchy. As it turns out there are only
22 tensor fields at this stage. It is then demonstrated how the missing fields can emerge
from a component of the 10D dual graviton. This enables one to obtain the symmetric
E6(6) tensor that appears in the transformation rules of the tensor fields. At this point the
supersymmetry transformations of the bosonic vector and tensor fields clearly resemble the
– 4 –
J
H
E
P
0
4
(
2
0
1
5
)
0
9
4
transformation rules encountered in the pure 5D theory as presented in [8], including those
related to the vector-tensor hierarchy. By direct comparison between the supersymmetry
transformations of the vector fields arising from ten dimensions and the five-dimensional
ones, explicit expressions for the generalized vielbeine are derived in section 5. In addition
the USp(8) covariant definitions of the spinor fields are obtained, as well as the supersym-
metry transformations of the generalized vielbeine. A similar strategy is then applied to
the tensor fields, which leads to a corresponding set of generalized vielbeine. Upon adopt-
ing suitable normalizations of the vector and tensor fields one can show that this new set
of vielbeine constitutes the inverse of the generalized vielbeine determined in the vector
sector. In section 6 the supersymmetry transformations of the fermions are considered and
it is shown that they take a USp(8) covariant form. Finally, in section 7 the question of the
consistent truncation to SO(6) gauged maximal 5D supergravity is adressed. We include
two appendices, A and B, dealing with the definition and decomposition of gamma ma-
trices and the spinor and R-symmetry representations associated with the various groups
emerging upon decomposing the tangent-space into two separate 5D subspaces.
2 Summary of IIB supergravity
Here we summarize the relevant results for IIB supergravity in ten space-time dimen-
sions [29–31]. The theory is described in terms of a zehnbein EM
A, a gravitino field ψM , a
spinor field λ, a complex three-rank tensor field strength, GMNP , a five-rank field strength
FMNPQR subject to a duality constraint, a complex vector PM and a U(1) gauge field QM .
The fermions are complex and have opposite chirality,
Γ˘11ψM = ψM , Γ˘11λ = −λ , (2.1)
where Γ˘11 = iΓ˘1Γ˘2 · · · Γ˘10, with Γ˘A denoting the 10-dimensional gamma matrices. The
fermions transform under local phase transformations according to
ψM → eiΛ/2 ψM , λ→ e3iΛ/2 λ . (2.2)
The zehnbein EM
A and the field strength FMNPQR are invariant under U(1), unlike the
other quantities, which transform as follows,
GMNP → eiΛGMNP , PM → e2iΛ PM , QM → QM + ∂MΛ . (2.3)
The vectors PM and QM satisfy the Maurer-Cartan equations associated with the coset
space SU(1, 1)/U(1), which is parametrized by the scalar fields of the theory,
∂[MQN ] = −iP[M P¯N ] , D[MPN ] = 0 . (2.4)
In this section the derivative DM is covariant with respect to local Lorentz and local U(1)
transformations.
The coset representative can be expressed in terms of an SU(1, 1) doublet φα, (α =
1, 2), transforming under U(1) as
φα → eiΛ φα , (2.5)
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and subject to the SU(1, 1) invariant constraint,
|φ1|2 − |φ2|2 = 1 . (2.6)
In what follows we use the convenient notation φα ≡ ηαβ(φβ)∗, with ηαβ = diag(+1,−1),
so that the above constraint reads φαφ
α = 1. In this convention the vector fields take the
following form,
QM = − iφα ∂Mφα ,
PM = εαβ φ
αDMφβ ,
P¯M = − εαβ φαDMφβ , (2.7)
where the Levi-Civita symbol is normalized by ε12 = ε
12 = 1. Note that ηαβε
βγηγδ = −εαδ.
We note the following useful identities,
φαDMφα = 0 , φαPM = εαβ DMφβ , φαP¯M = −εαβ DMφβ . (2.8)
Let us now turn to the tensor field strengths. The theory contains two tensor fields
AαMN transforming under SU(1, 1) ∼= SL(2). Here we use a pseudoreal basis with AαMN =
εαβ(AMN )β , where the convention for lowering and raising of indices is the same as for φ
α.
Their field strengths are defined as follows,
3 ∂[MA
α
NP ] =φ
α G¯MNP + ε
αβφβ GMNP ,
GMNP = − 3 εαβ φα ∂[MAβNP ] ,
G¯MNP = 3φα ∂[MA
α
NP ] . (2.9)
The tensor fields are subject to rigid SU(1, 1) transformations, just as the scalar fields φα,
and to tensor gauge transformations. The latter read
δAαMN = 2 ∂[MΞ
α
N ] . (2.10)
Furthermore we have a 4-rank antisymmetric gauge potential AMNPQ, which transforms
under two types of gauge transformations
δAMNPQ = 4 ∂[MΛNPQ] +
3
4
i εαβ Ξ
α
[M ∂NA
β
PQ] . (2.11)
The corresponding 5-form field strength is defined by
FMNPQR = 5 ∂[MANPQR] −
15
8
iεαβ A
α
[MN ∂PA
β
QR] . (2.12)
The 3- and 5-rank field strengths satisfy the following Bianchi identities,
D[MGNPQ] =P[M G¯NPQ] ,
∂[MFNPQRS] = −
5
12
iG[MNP G¯QRS] . (2.13)
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In addition there is a constraint on the 5-index field strength which involves the dual field
strength,
1
120
i εABCDEFGHIJ F
FGHIJ =FABCDE − 1
8
i ψ¯M Γ˘
[M Γ˘ABCDEΓ˘
N ]ψN
+
1
16
i λ¯ Γ˘ABCDE λ . (2.14)
From the chirality of the fermion fields it follows that the fermionic bilinears in (2.14) are
anti-selfdual, which is obviously required because otherwise (2.14) would decompose into
two independent constraints that would overconstrain the system. Originally (2.14) was
derived in superspace [31]. Suppressing the fermionic terms would imply that the bosonic
field strength should be self-dual. Note that the constraint (2.14) is supersymmetric and
it must transform into the fermionic field equations. Upon combining it with the Bianchi
identity (2.13), one obtains the field equations for AMNPQ.
Let us now turn to the fermions ψM and λ. The supersymmetry transformations for
the spinor fields are as follows,
δψM =DM − 1
480
iFNPQRS Γ˘
NPQRS Γ˘M − 1
96
GNPQ
(
Γ˘M Γ˘
NPQ + 2 Γ˘NPQ Γ˘M
)
c ,
δλ = − PM Γ˘M c − 1
24
GMNP Γ˘
MNP  , (2.15)
where the quantities Γ˘MN ··· denote anti-symmetrized products of 10D gamma matrices,
and DM  contains the spin-connection field ωMAB and the U(1) connection QM ,
DM  =
(
∂M − 1
4
ωM
ABΓ˘AB − 1
2
iQM
)
 . (2.16)
Here  is the space-time dependent spinor parameter of supersymmetry. In (2.16) we have
introduced the Majorana conjugate of a 10D spinor ψ, which is defined by
ψc = C˘−1± ψ¯
T , ψ = C˘−1± ψ¯
cT . (2.17)
Here C˘± denotes the charge conjugation matrix in 10 space-time dimensions which can
be either symmetric or anti-symmetric. The gamma matrix conventions are discussed in
detail in appendix A, but for the convenience of the reader we note
C˘± Γ˘AC˘−1± = ±Γ˘AT , C˘±T = ±C˘± , C˘±† = C˘−1± . (2.18)
We also note the following equation for spinor bilinears with strings of gamma matrices,
χ¯ΓA1 · · ·ΓAn ψ = −(±)n+1ψ¯c ΓAn · · ·ΓA1 χc . (2.19)
For type-IIB supergravity we have chiral spinors comprising 16 complex components.
One can show that ψ and ψc have the same chirality (see appendix A for details) and since
the spinors are complex (so that ψc 6= ψ) one can adopt a pseudo-real representation by
combining ψ and ψc into a 32-component chiral spinor Ψ = (ψ,ψc), subject to
Ψ = σ1 C˘
−1
± Ψ¯
T , (2.20)
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where σ1 denotes the standard 2 × 2 Pauli spin matrix. We need also the supersymmetry
transformations for the bosons,
δEM
A =
1
2
(¯ Γ˘AψM + ¯
c Γ˘AψcM ) ,
δφα =
1
2
εαβφβ ¯
cλ ,
δAαMN = − 1
2
φα
(
λ¯ Γ˘MN − 4 ¯ Γ˘[MψN ]c
)
+
1
2
εαβφβ
(
¯ Γ˘MNλ+ 4 ψ¯[M
c Γ˘N ]
)
,
δAMNPQ =
1
2
i¯ Γ˘[MNPψQ] +
1
2
iψ¯[M Γ˘NPQ]+
3
8
i εαβA
α
[MN δA
β
PQ] . (2.21)
The above transformation rules (2.15) and (2.21) have been derived by imposing the
supersymmetry algebra,[
δ(1) , δ(2)
]
= ξMDM + δΞ
(
ΞαMN
)
+ δΛ(ΛMNP ) + · · · , (2.22)
where
ξM =
1
2
¯2 Γ˘
M 1 +
1
2
¯2
c Γ˘M 1
c ,
ΞαM = − φα ¯2Γ˘M 1c − εαβφβ ¯2cΓ˘M 1 , (2.23)
ΛMNP =
1
8
i
(
¯1Γ˘MNP 2 − ¯2Γ˘MNP 1
)
+
3
16
i
(
εαβφ
αAβ[MN ¯2Γ˘P ]1
c + φαA
α
[MN ¯2
cΓ˘P ]1
)
,
and where ξMDM denotes a fully covariantized space-time diffeomorphism.
For future use we also present the supersymmetry transformation rules for the Majo-
rana conjugate spinors,
δψM
c =DM c + 1
480
iFNPQRS Γ˘
NPQRS Γ˘M 
c − 1
96
G¯NPQ
(
Γ˘M Γ˘
NPQ + 2 Γ˘NPQ Γ˘M
)
 ,
δλc = ± P¯M Γ˘M ± 1
24
G¯MNP Γ˘
MNP c . (2.24)
To understand the various field equations it is convenient to first consider the following
10D Lagrangian of IIB supergravity up to terms of fourth-order in the fermion fields,
ignoring for the moment the constraint (2.14),
L = − 1
2
ER− E ψ¯M Γ˘MNPDNψP − 1
2
E λ¯ /˘Dλ− E |PM |2 − 1
24
E |GMNP |2
− 1
60
E (FMNPQR)
2 +
1
384
εMNPQRSTUVW εαβ ∂MANPQRAST
α ∂UAVW
β
− 1
2
E
[
ψ¯M
c Γ˘N Γ˘Mλ P¯N + λ¯ Γ˘
M Γ˘NψM
c PN
]
+
1
240
iE ψ¯M Γ˘
[M Γ˘ABCDEΓ˘N ]ψN FABCDE
+
1
48
E
[
ψ¯M Γ˘
[M Γ˘ABC Γ˘N ]ψN
cGABC + ψ¯M
c Γ˘[M Γ˘ABC Γ˘N ]ψN G¯ABC
]
+
1
48
E [ψ¯M Γ˘
ABC Γ˘M λ G¯ABC − λ¯ Γ˘M Γ˘ABCψM GABC
]
− 1
480
iE λ¯ Γ˘ABCDE λFABCDE + · · · . (2.25)
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We have refrained from imposing the supersymmetric constraint (2.14) so that it makes
sense to include a term proportional to (FMNPQR)
2, and furthermore we have included
a Chern-Simons term that is invariant under tensor gauge transformations up to a total
derivative. It is then straightforward to show that the field equation for the 4-form field
that follows from this Lagrangian is consistent with the constraint (2.14) upon using the
second Bianchi identity (2.13). Here we should remind the reader that there are extensive
discussions in the literature about manifestly covariant Lagrangians that imply self-duality
constraints for tensor fields (see, for instance, [41], where also the Chern-Simons terms is
presented, and references cited therein). However, these features are not relevant for our
purpose. We also recall that the field equations are already encoded in the supersymmetry
transformations, as supersymmetry is only realized on-shell, so that one can determine
most terms in (2.25) by imposing super-covariance of the field equations, just as was done
in [30]. Our results are also consistent with [31] where an on-shell superspace treatment of
IIB supergravity was presented.
For further convenience we list some of the field equations,
DMPM + 1
24
GMNP G
MNP = 0 ,
DMGMNP + PM G¯MNP − 2
3
iFNPQRS G
QRS = 0 ,
RMN + 2P(M P¯N) +
1
4
(
G¯PQ(M G
PQ
N) −
1
12
gMN |GPQR|2
)
+
1
6
FM
PQRS FNPQRS = 0 ,
Γ˘MDˆMλ+
1
240
iΓ˘NPQRSλFNPQRS = 0 ,
Γ˘MNP D̂NψP ∓ 1
2
Γ˘QΓ˘MλcPQ − 1
48
Γ˘QRSΓ˘Mλ G¯QRS = 0 ,
(2.26)
where DˆMλ denotes the supercovariant derivative of the spinor λ and D̂[MψN ] the super-
covariant curl of the gravitino. Here we suppressed higher-order fermion terms.
However, in section 4, we will need the field equations for the two-form fields including
the terms quadratic in the fermions. They follow directly from the Lagrangian (2.25) and
can be written as follows,
∂[MFNPQRSTU ]α = 0 , (2.27)
where the seven-rank anti-symmetric tensors FMNPQRST α are equal to
FαMNPQRST = − 1
7
iE εMNPQRSTUVW
(
εαγ φ
γφβ + εβγ φ
γφα
)
∂UAVW β
− 120i εαβ A[MNβ
[
∂PAQRST ] −
1
8
iεγδ APQ
γ ∂RAST
δ
]
+
1
7
εαβφ
β
[
ψ¯U Γ˘
[U Γ˘MNPQRST Γ˘
V ]ψV
c + λ¯ Γ˘U Γ˘MNPQRSTψU
]
+
1
7
φα
[
ψ¯U
c Γ˘[U Γ˘MNPQRST Γ˘
V ]ψV − ψ¯U Γ˘MNPQRST Γ˘U λ
]
. (2.28)
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Note that the normalization of this tensor is arbitrary but the phase is dictated by the fact
that its pseudo-reality condition is in line with that of the other pseudo-real fields.
3 Kaluza-Klein decompositions and additional field redefinitions
The strategy in this paper is to describe IIB supergravity as a field theory in a five-
dimensional space-time, while still retaining the dependence on the five additional coordi-
nates that describe an internal space. Hence the 10D coordinates are decomposed according
to xM → (xµ, ym), where xµ are regarded as the space-time coordinates and ym as the co-
ordinates of the internal manifold. Eventually, in a given background, the fields may be
decomposed in terms of a complete basis of functions of the internal coordinates. For the
T 5 background this is rather straightforward; the spectrum of the tower of Kaluza-Klein
supermultiplets for S5 has been studied in [42, 43]. However, at this stage we will not
be assuming any particular space-time background and neither will we be truncating the
theory in any way. We are only reformulating the theory in a form that emphasizes the
five-dimensional space-time.
A crucial ingredient in this reformulation is provided by a change of the tangent-space
group, which we have already indicated in (1.1). First we impose a gauge choice, reducing
the 10D local Lorentz group to the product group SO(4, 1)×SO(5), whose universal cover-
ing group equals Spin(4, 1)×USp(4). The fermions then transform according to the product
representation of this group, so that from a five-dimensional space-time perspective we are
dealing with four complex Spin(4, 1) spinors, each carrying four components. The fermions
are subject to an extra local U(1) group, and the product group USp(4) × U(1) must be
contained in the 5D R-symmetry group. Obviously we have to convert the 10D gamma
matrices to those appropriate for five space-time dimensions, equiped with two sets of mu-
tually commuting gamma matrices, one associated with space-time and the other one with
the internal space. In due course we will also have to recombine the spin-1/2 fermion fields
into an irreducible representation of the group USp(8), which is the R-symmetry group for
eight symplectic Majorana supercharges in a 5D space-time. This last redefinition will be
considered in section 5.
The next step is to redefine the fields such that they transform covariantly under the
5D space-time diffeomorphisms. These Kaluza-Klein decompositions were systematically
discussed in the context of the T 7 reduction of 11D supergravity to 4D supergravity [35].
Furthermore, we will find that the vector and tensor fields require additional redefinitions
beyond the Kaluza-Klein ones in order to generate transformations that reflect the vector-
tensor hierarchy [8].
The standard Kaluza-Klein decompositions start with the vielbein field and its inverse,
which we write in triangular form by exploiting the 10D local Lorentz transformations,
EM
A =
∆
−1/3eµα Bµm ema
0 em
a
 , EAM =
∆
1/3eα
µ −∆1/3eανBνm
0 ea
m
 . (3.1)
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Here we used tangent-space indices α, β, . . . associated with the 5D space-time and a, b, . . .
associated with the 5D internal space.1 The scalar factor ∆ is defined by,
∆ =
det[em
a(x, y)]
det[˚ema(y)]
, (3.2)
where e˚m
a is some reference frame for the internal space parametrized by the coordinates
ym. The rescaling of the fu¨nfbein is such that the gravitational coupling constants in
10D and 5D are related by κ−2|10D = κ−2|5D
∫
d5y det[˚em
a], so that we are in the 5D
Einstein frame.
An important feature of the gauge choice made in (3.1) is that it must be preserved
under supersymmetry. This requires to add to the 10D supersymmetry transformations a
uniform field-dependent Lorentz transformation with a parameter equal to
αa = −aα = −1
2
ea
m
(
¯ Γ˘αψm + ¯
c Γ˘αψm
c
)
, (3.3)
where ψa = ea
m ψm. The supersymmetry transformation of ea
m is not affected by the
compensating Lorentz transformations, so that we have
δ∆ =
1
2
∆
(
¯ Γ˘aψa + ¯
c Γ˘aψa
c
)
. (3.4)
One can now determine the supersymmetry variation of the fu¨nfbein eµ
α, taking into
account the compensating Lorentz transformation (3.3) and the effect of the factor ∆.
Insisting on the fact that eµ
α transforms into the 5D gravitino field in the same way as
before, one then derives a modified gravitino field,
ψµ
KK ≡ ∆1/6[ψµ −Bµm ψm]+ 1
3
∆−1/6eµα Γ˘αΓ˘aψa , (3.5)
and likewise for ψµ
c. This field transforms covariantly under 5D space-time diffeomor-
phisms by virtue of the presence of the field Bµ
m. Accordingly we also perform field-
dependent scale transformations on the supersymmetry parameter, the gravitino compo-
nents ψa and the dilatino,
KK = ∆1/6 , ψa
KK = ∆−1/6 eam ψm , λKK = ∆−1/6λ . (3.6)
Subsequently we must convert to different gamma matrices that decompose into two
commuting Clifford algebras corresponding to the 5-dimensional space-time and the 5-
dimensional internal space, which must both commute with Γ˘11 so that they will be con-
sistent with the 10D chirality restriction on the original spinors. As mentioned previously
every 10D spinor decomposes into four complex Spin(4, 1) spinors. The gamma matrix con-
version is discussed in detail in appendix A and the results can be summarized as follows.
The 32× 32 gamma matrices Γ˘A can be written as
Γ˘α = −i
(
γˆα Γ˜
)
, Γ˘a+5 = −i
(
Γˆa γ˜
)
, (3.7)
1Note that we are also using indices α, β . . . for the SU(1, 1) indices on the scalar doublet and the tensor
fields. This should not cause any confusion.
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where Γ˘11 = iγ˜Γ˜ with γ˜ and Γ˜ mutually anti-commuting hermitian matrices that square to
1l32. The tangent space indices in the 5 + 5 split were already defined below (3.1).
2 Both
γˆα and Γˆa anti-commute with γ˜ and Γ˜ (and therefore commute with Γ˘11 as insisted on
before). They generate two commuting five-dimensional Clifford algebras. Furthermore,
we will insist on the Majorana condition Cˆ−1ψ¯T = ψc for all the 5D spinor fields, where Cˆ
is defined in terms of the 10D charge conjugation matrix in (A.13). For the gravitino fields
and the supersymmetry parameters this leads to the following relations between 10D and
5D fields,
ψ
∣∣KK
10D
= ψ
∣∣
5D
, ψc
∣∣KK
10D
= ψc
∣∣
5D
, ψ¯
∣∣KK
10D
= −iψ¯∣∣
5D
Γ˜ , (3.8)
where ψ denotes either ψM or .
For the dilatino field λ the situation is somewhat different in view of the fact that we
wish to change its chirality by absorbing the matrix Γ˜. This conversion is of course no
longer consistent with 10D Lorentz invariance, but it is convenient to define all the spinor
fields with the same (positive) chirality.
λ
∣∣KK
10D
= Γ˜λ
∣∣
5D
, λc
∣∣KK
10D
= ∓Γ˜λc∣∣
5D
, λ¯
∣∣KK
10D
= i λ¯
∣∣
5D
, (3.9)
Once these modifications have been performed, one can simply restrict oneself to the 16-
dimensional subspace corresponding to the eigenspace of Γ˘11 with eigenvalue +1. After this
one drops the carets on γα and Γa and thus obtains a description in term of 16-component
complex spinors, with two mutually commuting sets of gamma matrices γα and Γa. Note
that this is consistent with using the charge conjugation matrix Cˆ, which was introduced
as a 32-dimensional matrix but which commutes with the chirality operator (i.e. charge-
conjugated fields carry the same chirality). With these conversions the relation (3.5) for
the 10D gravitino field ψM with M = µ in terms of the 5D fields reads
∆1/6ψµ = ψµ
KK − 1
3
iγµΓ
mψm
KK + ∆1/3Bµ
m ψm
KK . (3.10)
Observe that here and henceforth γµ ≡ eµα γα and Γm ≡ ema Γa, where the vielbein fields
eµ
α and em
a are defined in (3.1).
In this way one finds the following transformation rules for the 5D fields emerging
from EM
A as defined in (3.5) and (3.6),
δeµ
α =
1
2
[
¯ γαψµ + ¯
cγαψµ
c
]
,
δBµ
m =
1
2
∆−1/3eam
[
i
(
¯Γaψµ + ¯
c Γaψµ
c
)
+ ¯ γµ
(
δab +
1
3
ΓaΓb
)
ψb + ¯c γµ
(
δab +
1
3
ΓaΓb
)
ψbc
]
,
δem
a =
1
2
i
[
¯Γaψm + ¯
c Γaψm
c
]
, (3.11)
2We employed Pauli-Ka¨lle´n conventions where xα equals ix0 for α = 1, so that all gamma matrices are
hermitian.
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up to an infinitesimal 5D local Lorentz transformation with a parameter proportional to
Γmψm. Since we will be suppressing terms of higher orders in the spinor fields, these
transformations will not play a role when evaluating the fermion transformation rules later
in this section. Here and in the following we are exclusively considering the 5D fields, so
that we have dropped the additional labels.
We also evaluate the supersymmetry variations of the scalars and the dilatini,
δφα = − 1
2
i εαβφβ ¯
cλ ,
δλ = ∆−1/3
[− iPαγα + PaΓa]c
+
1
24
∆−1/3
[
Gabc Γ
abc − 3iGabα Γabγα + 3Gaαβ Γaγαβ − iGαβγ γαβγ
]
 ,
δλc = ∆−1/3
[− iP¯αγα + P¯aΓa]
+
1
24
∆−1/3
[
G¯abc Γ
abc − 3i G¯abα Γabγα + 3 G¯aαβ Γaγαβ − i G¯αβγ γαβγ
]
c , (3.12)
where the tensors P and G refer to the components of PA and GABC , which are defined
with 10D tangent-space indices.
Subsequently we derive the expressions for the supersymmetry variation of the grav-
itino fields up to terms of higher order in the fermion fields, which will now also involve
the components of the field strength FABCDE and the spin-connection fields written with
10D tangent-space indices. We first list the gravitino fields that carry a 5D space-time
vector index,
δψµ =
[
∂µ − 1
6
∂µ ln ∆−∆−1/3eµα
(
1
4
ωα
βγ γβγ +
1
2
iωα
βa Γaγβ +
1
4
ωα
ab Γab +
1
2
iQα
)]

−Bµm
[
∂m − 1
6
∂m ln ∆
]

− 1
240
i∆−1/3 εabcde
[
iFabcde − 5FβabcdγβΓe − 5iFβγabcγβγΓde
]
γµ
− 1
96
∆−1/3
[− iGbcd Γbcdγµ + 3Gbcα Γbc(γµγα + 2 γαγµ)
+ 3iGbαβ Γ
b
(
γµγ
αβ − 2 γαβγµ
)
+Gαβγ
(
γµγ
αβγ + 2γαβγγµ
)]
c
+
1
3
i∆−1/6γµ Γaδψa ,
δψµ
c =
[
∂µ − 1
6
∂µ ln ∆−∆−1/3eµα
(
1
4
ωα
βγ γβγ +
1
2
iωα
βa Γaγβ +
1
4
ωα
ab Γab − 1
2
iQα
)]
c
−Bµm
[
∂m − 1
6
∂m ln ∆
]
c
+
1
240
i∆−1/3εabcde
[
iFabcde − 5FβabcdγβΓe − 5iFβγabcγβγΓde
]
γµ
c
− 1
96
∆−1/3
[− iG¯bcd Γbcdγµ + 3 G¯bcα Γbc(γµγα + 2 γαγµ)
+ 3iG¯bαβ Γ
b
(
γµγ
αβ − 2 γαβγµ
)
+ G¯αβγ
(
γµγ
αβγ + 2γαβγγµ
)]

+
1
3
i∆−1/6γµ Γaδψac . (3.13)
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where we made use of the self-duality condition on the field strength (2.14) and the gamma
matrices defined in appendix A, and in particular of (A.17), to simplify the terms involving
the various components of the field strength FABCDE .
The transformation rules for the gravitini that carry a vector index of the internal 5D
space are given by
δψa = ∆
−1/3eam
[
∂m − 1
4
ωm
αβ γαβ − 1
2
iωm
αa Γaγα − 1
4
ωm
ab Γab − 1
2
iQm − 1
6
∂m ln ∆
]

+
1
240
i∆−1/3εbcdef
[
Fbcdef + 5iFαbcdeγ
αΓf − 5FαβbcdγαβΓef
]
Γa
− 1
96
∆−1/3
[
Gbcd
(
ΓaΓ
bcd + 2 ΓbcdΓa
)− 3iGbcα γα(ΓaΓbc − 2 ΓbcΓa)
+ 3Gbαβ γ
αβ
(
ΓaΓ
b + 2 ΓbΓa
)
+ iGαβγγ
αβγΓa
]
c ,
δψa
c = ∆−1/3eam
[
∂m − 1
4
ωm
αβ γαβ − 1
2
iωm
αa Γaγα − 1
4
ωm
ab Γab +
1
2
iQm − 1
6
∂m ln ∆
]
c
− 1
240
i∆−1/3εbcdef
[
Fbcdef + 5iFαbcdeγ
αΓf − 5FαβbcdγαβΓef
]
Γa
c
− 1
96
∆−1/3
[
G¯bcd
(
ΓaΓ
bcd + 2 ΓbcdΓa
)− 3iG¯bcα γα(ΓaΓbc − 2 ΓbcΓa)
+ 3G¯bαβ γ
αβ
(
ΓaΓ
b + 2 ΓbΓa
)
+ iG¯αβγγ
αβγΓa
]
 . (3.14)
The next topic concerns the rank-2 tensor fields AαMN , which decompose into twenty
scalars Aαmn, ten 5D vectors A
α
µm and two 5D 2-rank tensors A
α
µν . Their consistent
Kaluza-Klein definitions are as follows,
Aαmn
KK =Aαmn ,
Aαµm
KK =Aαµm −BµpAαpm ,
Aαµν
KK =Aαµν + 2B[µ
pAαν]p +Bµ
pBν
qAαpq . (3.15)
Their supersymmetry variations take the form,
δAαmn = − 1
2
iφα
[
¯c Γmnλ
c − 4 ¯Γ[mψn]c
]− 1
2
i εαβφβ
[
¯Γmnλ− 4 ¯c Γ[mψn]
]
,
δAαµm = − 1
2
∆−1/3φα
[
2i ¯Γmψµ
c − 2 ¯ γµ
(
δm
n − 1
3
ΓmΓ
n
)
ψn
c + ¯c Γmγµλ
c
]
− 1
2
∆−1/3εαβφβ
[
2i ¯c Γmψµ − 2 ¯cγµ
(
δm
n − 1
3
ΓmΓ
n
)
ψn + ¯Γmγµλ
]
− δBµpAαpm ,
δAαµν = − 1
2
∆−2/3φα
[
− 4 ¯ γ[µψν]c +
4
3
i¯ γµνΓ
mψm
c + i ¯cγµνλ
c
]
− 1
2
∆−2/3εαβφβ
[
− 4 ¯cγ[µψν] +
4
3
i ¯cγµνΓ
mψm + i ¯ γµνλ
]
+ 2 δB[µ
pAαν]p , (3.16)
where we have suppressed the KK-label on both sides of the equations.
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Subsequently we consider the 4-rank tensor AMNPQ which decomposes into five 5D
scalars Amnpq, ten 5D vectors Aµmnp, ten 5D 2-rank tensors Aµνmn, five 5D 3-rank tensors
Aµνρp and one 5D 4-rank tensor Aµνρσ. Their consistent definition is
Amnpq
KK =Amnpq ,
Aµmnp
KK =Aµmnp −Bµq Aqmnp ,
Aµνmn
KK =Aµνmn + 2B[µ
q Aν]qmn +Bµ
pBν
q Apqmn ,
Aµνρm
KK =Aµνρm + 3B[µ
pAνρ]mp + 3B[µ
pBν
q Aρ]mpq −BµpBνq Bρr Apqrm ,
Aµνρσ
KK =Aµνρσ + 4B[µ
pAνρσ]p + 6B[µ
pBν
q Aρσ]pq + 4B[µ
pBν
q Bρ
r Aσ]pqr
+Bµ
pBν
q Bρ
r Bσ
sApqrs . (3.17)
The supersymmetry variations for these fields then take the following form,
δAmnpq =− 1
2
¯Γ[mnpψq] +
1
2
¯cΓ[mnpψq]
c +
3
8
i εαβA
α
[mn δA
β
pq] ,
δAµmnp =
1
8
∆−1/3
[
¯Γmnpψµ + 3i ¯γµΓ[mn
(
δp]
q − 1
9
Γp]Γ
q
)
ψq
]
+
1
8
∆−1/3
[
− ¯cΓmnpψµc − 3i ¯cγµΓ[mn
(
δp]
q − 1
9
Γp]Γ
q
)
ψq
c
]
+
3
16
iεαβ
[
Aαµ[m δA
β
np] − δAαµ[mAβnp] − δBµqAαq[mAβnp]
]
− δBµq Aqmnp ,
δAµνmn =
1
4
∆−2/3
[
i¯Γmnγ[µψν] − ¯ γµνΓ[m
(
δn]
p − 1
3
Γn]Γ
p
)
ψp
]
+
1
4
∆−2/3
[
− i¯c Γmn γ[µψν]c + ¯cγµνΓ[m
(
δn]
p − 1
3
Γn]Γ
p
)
ψp
c
]
+
1
16
iεαβ
[
Aαµν δA
β
mn +A
α
mn δA
β
µν − 4Aα[µ[m δAβν]n]
]
+
1
8
iεαβ δB[µ
p
[
Aαν]pA
β
mn − 2Aαν][mAβn]p
]
+ 2 δB[µ
pAν]pmn ,
δAµνρm =
1
8
∆−1
[
3 ¯Γmγ[µνψρ] + i¯ γµνρ(δm
p − ΓmΓp)ψp
]
+
1
8
∆−1
[− 3 ¯c Γmγ[µνψρ]c − i¯cγµνρ(δmp − ΓmΓp)ψpc]
+
3
16
i εαβ
[
Aα[µν δA
β
ρ]m − δAα[µν Aβρ]m
]
+
3
16
i εαβ δB[µ
p
[
Aανρ]A
β
pm + 2A
α
νmA
β
ρ]p
]
+ 3 δB[µ
pAνρ]mp ,
δAµνρσ =
1
2
∆−4/3
[
i¯ γ[µνρψσ] +
1
3
¯ γµνρσΓ
pψp
]
+
1
2
∆−4/3
[
− i¯cγ[µνρψσ]c −
1
3
¯cγµνρσΓ
pψp
c
]
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+
3
8
iεαβ A
α
[µν δA
β
ρσ] −
3
4
iεαβ δB[µ
pAανρA
β
σ]p
+ 4 δB[µ
pAνρσ]p , (3.18)
where again we suppressed the KK-label on both sides of these equations.
Let us review the various fields that we have obtained and compare them with the
fields that are generically contained in maximal 5D supergravity. First of all we have the
fu¨nfbein field eµ
α and the eight independent gravitini fields consisting of the fields (ψµ, ψµ
c).
Furthermore there are 48 spin-1/2 fields consisting of (ψa, ψa
c), and (λ, λc).
Then there are 42 scalar fields, consisting of em
a, φα, Aαmn and Amnpq. The field em
a
corresponds to 15 scalars and the fields φα to 2 scalars upon subtracting the degrees of
freedom associated with tangent space transformations of the internal space and local U(1)
transformations. The fields Aαmn and Amnpq describe 20 and 5 scalars, respectively. The
total number of scalars is thus equal to the dimension of the E6(6)/USp(8) coset space that
parametrizes the scalars in 5D maximal supergravity.
To appreciate the systematics of the vector and tensor fields we introduce the following
(re)definitions. The 25 vector fields that we have obtained at this stage will be denoted by
Cµ
m =Bµ
m ,
Cµ
α
m =A
α
µm
KK ,
Cµmnp =Aµmnp
KK − 3
16
iεαβA
α
µ[m
KKAβnp] , (3.19)
where the extra term in the definition of Cµmnp has been included such that its super-
symmetry variation will not contain the vector field. Observe also that in the above result
we have suppressed the KK-label for the scalar field Aβnp; henceforth we will do this con-
sistently for both Aβnp and Amnpq. The fields Cµ
m and Cµmnp can be combined into the
15-dimensional anti-symmetric representation of SL(6). The remaining vector fields Cµ
α
m
transform as five doublets under SU(1, 1) ∼= SL(2). As compared to the vector fields of 5D
maximal supergravity, we should expect six such doublets. As we will show in the next
section, the extra doublet will emerge from a dual tensor field, AαMNPQRS , which leads
to the fields Aαµmnpqr. In view of the self-duality constraint (2.14), we do not expect any
tensor fields dual to AMNPQ.
The 25 vector fields (3.19) transform as follows,
δCµ
m =
1
2
∆−1/3eam
[
i
(
¯Γaψµ + ¯
c Γaψµ
c
)
+ ¯ γµ
(
δab +
1
3
ΓaΓb
)
ψb + ¯c γµ
(
δab +
1
3
ΓaΓb
)
ψbc
]
,
δCµ
α
m = − 1
2
∆−1/3φα
[
2i ¯Γmψµ
c − 2 ¯ γµ
(
δm
n − 1
3
ΓmΓ
n
)
ψn
c + ¯c Γmγµλ
c
]
− 1
2
∆−1/3εαβφβ
[
2i ¯c Γmψµ − 2 ¯cγµ
(
δm
n − 1
3
ΓmΓ
n
)
ψn + ¯Γmγµλ
]
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+
1
2
i ∆−1/3Aαmp
[
¯Γpψµ + ¯
c Γpψµ
c
]
+
1
2
∆−1/3Aαmp
[
¯ γµ(ea
p +
1
3
ΓpΓa)ψ
a + ¯c γµ(ea
p +
1
3
ΓpΓa)ψ
ac
]
,
δCµmnp =
1
8
∆−1/3
[
¯Γmnpψµ + 3i ¯γµΓ[mn
(
δp]
q − 1
9
Γp]Γ
q
)
ψq
]
+
1
8
∆−1/3
[
− ¯c Γmnpψµc − 3i ¯cγµΓ[mn
(
δp]
q − 1
9
Γp]Γ
q
)
ψq
c
]
− 3
16
i ∆−1/3εαβ Aα[mnφβ
[
2i ¯Γp]ψµ
c−2 ¯ γµ
(
δp]
n− 1
3
Γp]Γ
n
)
ψn
c+¯c Γp]γµλ
c
]
+
3
16
i ∆−1/3Aα[mn φα
[
2i ¯c Γp]ψµ − 2 ¯cγµ
(
δp]
n − 1
3
Γp]Γ
n
)
ψn + ¯Γp]γµλ
]
+
1
2
i ∆−1/3
[
Amnpq +
3
16
iεαβA
α
[mnA
β
p]q
][
¯Γqψµ + ¯
c Γqψµ
c
]
+
1
2
∆−1/3
[
Amnpq +
3
16
iεαβA
α
[mnA
β
p]q
]
×
[
¯ γµ
(
eb
q +
1
3
ΓqΓb
)
ψb + ¯c γµ
(
eb
q +
1
3
ΓqΓb
)
ψbc
]
. (3.20)
Furthermore we have identified 12 two-rank tensor fields, which we define by
Cµν
α =Aαµν
KK − C[µpCν]αp ,
Cµν mn =Aµνmn
KK − 1
16
iεαβA
α
µν
KKAβmn − C[µpCν]pmn . (3.21)
The supersymmetry transformations of these tensors are expressed by
δCµν
α + C[µ
p δCν]
α
p + C[µ
α
p δCν]
p
= −1
2
∆−2/3φα
[
− 4 ¯ γ[µψν]c +
4
3
i¯ γµνΓ
mψm
c + i ¯cγµνλ
c
]
− 1
2
∆−2/3εαβφβ
[
− 4 ¯cγ[µψν] +
4
3
i ¯cγµνΓ
mψm + i ¯ γµνλ
]
,
δCµν mn + C[µ
p δCν]pmn + C[µ pmn δCν]
p +
1
4
iεαβ C[µ
α
[m δCν]
β
n]
=
1
4
∆−2/3
[
i¯Γmnγ[µψν] − ¯ γµνΓ[m
(
δpn] −
1
3
Γn]Γ
p
)
ψp
]
+
1
4
∆−2/3
[
− i¯c Γmn γ[µψν]c + ¯cγµνΓ[m
(
δn]
p − 1
3
Γn]Γ
p
)
ψp
c
]
− 1
16
i ∆−2/3εαβ Aαmn φβ
[
− 4 ¯ γ[µψν]c +
4
3
i¯ γµνΓ
mψm
c + i ¯cγµνλ
c
]
+
1
16
i ∆−2/3Aαmn φα
[
− 4 ¯cγ[µψν] +
4
3
i ¯cγµνΓ
mψm + i ¯ γµνλ
]
. (3.22)
These transformation rules are in line with what is known from the vector-tensor hierarchy
that appears in the context of the embedding tensor formalism [8, 10]. We have actually
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verified that also the variation of the three-rank tensor fields, Aµνρm
KK listed in (3.17) will
exhibit the same structure upon introducing a suitable modification. Since we will not be
considering tensors of rank higer than two, we refrain from giving further details.
At this point the number of tensor fields is less than the 27 fields that one expects on
the basis of 5D maximal supergravity in the context of the embedding tensor formalism.
Ten extra 2-rank tensors Aαµνmnpq will be provided by the dual field, A
α
MNPQRS , which
will bring the total of 2-rank tensors to 22. The dual vectors and tensors are evaluated in
the next section.
4 Dual fields and the vector-tensor hierarchy
In (2.27) we presented the field equation for the tensor fields AαMN written as a Bianchi
identity of the seven-rank field strength FαMNPQRST defined in (2.28). The field equa-
tion thus implies that this field strength can be written in terms of a dual six-form field
AαMNPQRS according to
FαMNPQRST = 6 ∂[MAαNPQRST ] . (4.1)
It is not possible to derive an expression for AαMNPQRS in closed form, but it is possible
to determine how this field transforms under supersymmetry. Obviously, the Bianchi iden-
tity (2.27) should transform under supersymmetry into fermionic equations which are of
at most first order in derivatives. Therefore one expects that FαMNPQRST transforms into
fermionic field equations and into terms that carry explicit space-time derivatives such that
they can be identified as the result of the supersymmetry variation of the dual six-form.
Because the field equations are supercovariant all the contributions of the variation of the
six-form can be identified from the terms that are proportional to the derivative of the
supersymmetry parameters. The consistency of this approach can easily be verified and it
leads to the following result,
δAαMNPQRS = εαβφ
β
(
1
6
λ¯ Γ˘MNPQRS+ 2 ¯ Γ˘[MNPQRψS]
c
)
− φα
(
1
6
¯ Γ˘MNPQRSλ− 2 ψ¯[Mc Γ˘NPQRS]
)
− 20i εαβAβ[MN
(
δAPQRS] −
1
8
i εγδA
γ
PQ δA
δ
RS]
)
. (4.2)
In particular we note the dual fields Aαµmnpqr and A
α
µνmnpq, which constitute two 5D
vector fields and twelve 5D tensor fields transforming under SU(1, 1). We first consider the
transformation rule of the vector field Aαµmnpqr, which takes the following form,
δAαµmnpqr =
− 1
3
i ∆−1/3εαβφβ
[
¯Γmnpqrψµ
c + 5i ¯ γµ
(
Γ[mnpqδr]
s − 1
15
Γr]Γ
s
)
ψs
c +
1
2
i¯c γµΓmnpqrλ
c
]
− 1
3
i ∆−1/3φα
[
¯c Γmnpqrψµ + 5i ¯
c γµΓ[mnpq
(
δr]
s − 1
15
Γr]Γ
s
)
ψs +
1
2
i¯ γµΓmnpqrλ
]
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− 20
3
i εαβ
(
Aβµ[m δAnpqr] − 2Aβ[mn δApqr]µ
)
− 5
6
εαβ εγδ
(
2A(βµ[mA
γ)
np δA
δ
qr] −Aβ[mnAγpq δAδr]µ
)
+
40
3
i εαβ δBµ
sAβ[mn
(
Apqr]s −
1
16
iεγδA
γ
pq A
δ
r]s
)
, (4.3)
where on the right-hand side all the fields have been subject to Kaluza-Klein redefinitions.
The field Aαµmnpqr already transforms consistently as a vector in the 5D space-time be-
cause tensors anti-symmetric in more than five internal-space indices must vanish. The
consistency of the above result is confirmed by the fact that no terms are generated pro-
portional to the Kaluza-Klein vector field Bµ
m, simply because the corresponding terms
are fully anti-symmetric in six internal-space indices and therefore vanish.
However, from the perspective of the vector-tensor hierarchy further redefinitions are
required, as the supersymmetry variations should not contain any vector fields, but at most
variations of vector fields. A preliminary analysis suggests to add modifications that are
quadratic and cubic terms in the four- and two-form fields but here we have to make sure
that also the modification itself transforms consistently as a vector in the 5D space-time.
This leads us to the following redefinition,
Cµαmnpqr = Aαµmnpqr +
20
3
i εαβ Cµ
β
[mAnpqr] −
5
6
εαβ εγδ A
β
[mnCµ
γ
pA
δ
qr] , (4.4)
where Cµ
α
m is a proper vector field defined in (3.19). Under supersymmetry the field
Cµαmnpqr transforms in the required way,
δCµαmnpqr = − 1
3
i ∆−1/3εαβφβ
[
¯Γmnpqrψµ
c + 5i ¯ γµ
(
Γ[mnpqδr]
s − 1
15
Γr]Γ
s
)
ψs
c
+
1
2
i¯c γµΓmnpqrλ
c
]
− 1
3
i ∆−1/3φα
[
¯c Γmnpqrψµ + 5i ¯
c γµΓ[mnpq
(
δr]
s − 1
15
Γr]Γ
s
)
ψs
+
1
2
i¯ γµΓmnpqrλ
]
+
20
3
i εαβ
[
δCµ
β
[mAnpqr] − 2 δCµ[mnpAβqr] − 2 δCµsAs[mnpAβqr]
]
+
5
2
εαβ εγδ
[
δCµ
γ
[mA
δ
npA
β
qr] +
1
3
δCµ
sAγs[mA
β
npA
δ
qr]
]
, (4.5)
where, for conciseness, we refrained from substituting the explicit expressions for Cµ
m,
δCµ
α
m and δCµmnp in the right-hand of the last equation.
Subsequently we consider the tensor field Aαµνmnpq. To ensure that this field trans-
forms as a proper 5D tensor one performs the standard Kaluza-Klein redefinition,
Aαµνmnpq
KK = Aαµνmnpq + 2B[µ
r Aαν]mnpqr . (4.6)
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This modified tensor field transforms as
δAαµνmnpq =
− 2
3
i ∆−2/3εαβφβ
[
i¯Γmnpqγ[µψν]
c − 2 ¯ γµνΓ[mnp
(
δq]
r − 1
6
Γq]Γ
r
)
ψr
c − 1
4
¯c γµνΓmnpqλ
c
]
− 2
3
i ∆−2/3φα
[
i¯c Γmnpqγ[µψν] − 2 ¯c γµνΓ[mnp
(
δq]
r − 1
6
Γq]Γ
r
)
ψr − 1
4
¯ γµνΓmnpqλ
]
− 4
3
i εαβ
[
Aβµν δAmnpq − 8Aβ[µ[m δAν]npq] + 6Aβ[mn δApq]µν
]
− 1
6
εαβ εγδ
(
2A(βµν A
γ)
[mn δA
δ
pq] +A
β
[mnA
γ
pq] δA
δ
µν
)
+
2
3
εαβ εγδ
(
Aβ[µ[mA
γ
ν]n δA
δ
pq] + 2A
(β
[µ[mA
γ)
np δA
δ
ν]q]
)
+
16
3
i εαβ δB[µ
r
(
2Aβν][mAnpq]r + 3Aν]r[mnA
β
pq]
)
+
1
3
εαβ εγδ δB[µ
r
(
4A(βν][mA
γ)
npA
δ
q]r +A
δ
ν]rA
β
[mnA
γ
pq]
)
+ 2 δB[µ
r Aαν]mnpqr , (4.7)
where we again dropped KK-label on both sides of the equation.
Again this result is not consistent with regard to the vector-tensor hierarchy so that
further redefinitions of the tensor field are required. As it turns out, they take the follow-
ing form,
Cµν αmnpq =Aµν αmnpq +
4
3
i εαβ A
β
µν Amnpq
− 1
6
εαβ εγδ
[
Aγµν A
β
[mnA
δ
pq] − 8C[µβ[mCν]γnAδpq]
]
− 16
3
i εαβ C[µ
β
[mCν]npq] − C[µrCν]αmnpqr , (4.8)
where on the the right-hand side the KK-labels have again been suppressed. The transfor-
mation rule of Cµν αmnpq takes the form
δCµν αmnpq − 16
3
i εαβ
[
C[µ
β
[m δCν]npq] + C[µ[npq δCν]
β
m]
]
+ C[µ
r δCν]αmnpqr + C[µαmnpqr δCν]
r
= −2
3
i ∆−2/3εαβφβ
[[
i¯Γmnpqγ[µψν]
c − 2 ¯ γµνΓ[mnp
(
δq]
r − 1
6
Γq]Γ
r
)
ψr
c
− 1
4
¯c γµνΓmnpqλ
c
]
+Amnpq
[
− 4 ¯ γ[µψν]c +
4
3
i¯ γµνΓ
mψm
c + i ¯cγµνλ
c
]]
− 2
3
i ∆−2/3φα
[[
i¯c Γmnpqγ[µψν] − 2 ¯c γµνΓ[mnp
(
δq]
r − 1
6
Γq]Γ
r
)
ψr − 1
4
¯ γµνΓmnpqλ
]
−Amnpq
[
− 4 ¯cγ[µψν] +
4
3
i ¯cγµνΓ
mψm + i ¯ γµνλ
]]
− 2i ∆−2/3 εαβ Aβ[mn
[[
i¯Γpq]γ[µψν] − ¯ γµνΓp
(
δq]
r − 1
3
Γq]Γ
r
)
ψr
]
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−
[
i¯c Γpq] γ[µψν]
c − ¯cγµνΓp
(
δq]
r − 1
3
Γq]Γ
r
)
ψr
c
]]
− i ∆−2/3εαβ Aβ[mn
[
εγδ A
γ
pq] φ
δ
[
i ¯ γ[µψν]
c +
1
3
¯ γµνΓ
rψr
c +
1
4
¯cγµνλ
c
]
−Aγpq] φγ
[
i ¯cγ[µψν] +
1
3
¯cγµνΓ
rψr +
1
4
¯ γµνλ
]]
. (4.9)
To conclude this section let us summarize the situation regarding the vector and tensor
fields. We have identified precisely 27 vector fields, namely,
Cµ
M =
{
Cµ
m , Cµmnp , Cµ
α
m , Cµαmnpqr
}
. (4.10)
For the tensor fields the situation is somewhat different. First of all, we expect 27 tensor
fields whereas previously we found only 22 fields. Secondly, we note that the tensor fields,
which we will denote by Cµν Q, carry different indices. The vector-tensor hierarchy implies
that there must be 5 additional tensor fields and furthermore requires the existence of a
constant tensor dQ,MN , symmetric in (M,N), in order to obtain the characteristic term
dQ,MN C[µ
M δCν]
N in δCµν Q. Assuming that the overall covariance of this expression must
be preserved and that precisely five additional fields are needed, one deduces that these
five fields can be precisely represented by new fields Cµν m;npqrs, where the array [npqrs] is
fully antisymmetric. Hence the decomposition of the 27 tensors takes the following form,
in direct analogy with (4.10),
Cµν Q =
{
Cµν m;npqrs , Cµν mn , Cµν αmnpq , Cµν
α
}
. (4.11)
The new field Cµν m;npqrs indeed has the representation that is expected from the dualiza-
tion of 10D gravity [36, 37] (although this dualization can not be fully understood at the
non-linear level in 10D [38]).
The systematics of the vector and tensor fields can be improved upon converting to dual
representations by extracting the anti-symmetric tensors e˚ εmnpqr and/or εαβ . Note that
the first tensor depends only on the reference background of the internal space, because of
the definition e˚(y) ≡ det[ e˚ma(y)], and not on the space-time coordinates xµ. Hence these
conversions have no bearing on the supersymmetry transformations nor the vector and
tensor gauge transformations. Now consider the following redefinitions for the vector fields,
Cµ
m = Cµ
m ,
Cµ
α
m = i ε
αβ Cµβm ,
Cµmnp =
1
128
√
5 e˚ εmnpqr Cµ
qr ,
Cµαmnpqr = −1
6
√
5˚e εmnpqr Cµα .
(4.12)
For the tensor fields the corresponding redefinitions are
Cµν m;npqrs ∝ e˚ εnpqrs Cµν m ,
Cµν αmnpq =
1
6
√
5i˚e εmnpqr εαβ Cµν
βr ,
Cµν mn = Cµν mn ,
Cµν
α = Cµν
α .
(4.13)
Now the vector and tensor fields can be written as Cµ
M and Cµν M , respectively, where
the indices M decompose according to M =
{
m , mn , αm , α
}
and M =
{
m , mn ,
αm , α
}
,
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respectively. Here we observe that the normalization of the vector and tensor fields is at this
point completely arbitrary. Nevertheless, identifying the (upper) index M on Cµ
M with
the 27 representation of E6(6) and the (lower) index M on CµνM as the 27 representation,
then the decompositions (4.12) and (4.13) correspond to the branchings
27
SL(2)×SL(6)−→ (1,15) + (2,6) SL(2)×SO(5)−→ (1,5) + (1,10) + (2,5) + (2,1) ,
27
SL(2)×SL(6)−→ (1,15) + (2,6) SL(2)×SO(5)−→ (1,5) + (1,10) + (2,5) + (2,1) . (4.14)
At this point it makes sense to compare our results for variations of the tensor fields to
the corresponding expressions known from maximal 5D supergravity [8]. In the latter case
these variations are encoded in the symmetric three-rank E6(6) invariant tensor dMNP ,
δCµν M − 2 dMNP C[µN δCν]P . (4.15)
Expressions such as these are characteristic for the vector-tensor hierarchy. Obviously the
tensor dMNP decomposes into three SL(2) × SO(5) invariant components,
dMNP ∝

d(mn|αp|βq) = δmnpq εαβ ,
d(mn|pq|r) = e˚ εmnpqr ,
d(m|αn|β) = δmn εαβ ,
(4.16)
where normalization factors are not specified because they can be changed by rescaling the
normalization of the vector and tensor fields. Nevertheless the fact that a single symmetric
tensor dMNP must encode the variations above for all the fields does pose certain restric-
tions on the relative normalizations of vectors and tensor fields, especially because the
product of the normalization of a tensor and its corresponding dual vector is constrained,
just as in the maximal 5D theory [8]. We return to this issue in the next section, but note
that this normalization condition has been incorporated when adopting the rescalings of
the vector and tensor fields in (4.12) and (4.13), repectively. It then turns out that the
following expressions for the independent components of the combined variations (4.15)
must be equivalent to the following,
δCµν
αm − 1
8
i εαβ
[
C[µβn δCν]
mn + C[µ
mn δCν]βn
]− i εαβ[C[µm δCν]β + C[µβ δCν]m] ,
δCµν
α + i εαβ
[
C[µ
m δCν]βm + C[µβm δCν]
m
]
,
δCµν mn +
1
128
√
5 e˚ εmnpqr
[
C[µ
p δCν]
qr + C[µ
qr δCν]
p
]− 1
4
i εαβ C[µα[m δCν]βn] ,
δCµν m − i εαβ
[
C[µαm δCν]β − C[µα δCν]βm
]
+
1
256
√
5˚e εmnpqr C[µ
np δCν]
qr , (4.17)
where the last line is not derived directly from the 10D supergravity as the tensor field
Cµν m is associated with the elusive dual graviton. Nethertheless it is remarkable that one
can also derive the coefficients in the variation of Cµν m by comparing to the 5D vector-
tensor hierarchy.
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5 Generalized vielbeine and USp(8) covariant spinors
The spinor fields ψµ, ψµ
c, ψa, ψa
c, λ and λc, which were defined in section 3, obviously trans-
form under the Spin(4, 1) × USp(4) subgroup of the 10D tangent space group Spin(9, 1).
Hence every 10D spinor consists of four complex Spin(4, 1) spinors which rotate among each
other under USp(4) transformations. In the following we will not consider the Spin(4, 1)
aspects but concentrate on the extension of the USp(4) transformations to the full auto-
morphism group of the 5D space-time Clifford algebra. This so-called R-symmetry group
contains also the U(1) group of IIB supergravity (which can be regarded as the 10D R-
symmetry group) and it can be further extended by realizing that the spinors can actually
transform under SU(4) ∼= SO(6) (for instance, by regarding them as chiral spinors of
SO(6)). It is then convenient to introduce corresponding SO(6) gamma matrices as well,
which requires to combine the spinors with their charge conjugates, i.e. ψµ with ψµ
c, and
likewise, ψa with ψa
c, and λ with λc. This is described in detail in appendix B. The SO(6)
gamma matrices will be denoted by Γaˆ, with aˆ = 1, . . . , 6, and act on the eight-component
pseudo-real spinors. We may then introduce the chirality operator Γ7 ≡ iΓ1Γ2 · · ·Γ6, which
decomposes as Γ7 = 1l4 ⊗ σ3, so that the SO(6) chirality of the charge conjugate fermions
is opposite to the original ones. Here we are using a basis where the positive-chirality
(negative-chirality) components carry positive (negative) U(1) charge. In this section and
henceforth we will be using these 8-component spinor arrays whenever possible (labeled by
indices A = 1, . . . , 8) and they will simply be denoted by ψµ
A, ψa
A and λA. Each of these
spinors are then 5D symplectic Majorana spinors, i.e.,
C−1ψ¯AT = ΩAB ψB , (5.1)
where C is the charge conjugation matrix in five space-time dimensions and Ω is the anti-
symmetric USp(8) invariant tensor.
The appearance of Ω indicates that the full R-symmetry group is equal to USp(8), as
is to be expected for 5D spinors. Indeed, the gravitini ψµ
A transform consistently in the
8 representation of this extended R-symmetry group. However, the fields ψa and λ cannot
possibly transform in the 8 representation, in view of the fact that the U(1) charges of the
fields ψa
A and λA are equal to ±1/2 and ±3/2, respectively. Therefore those fields must
transform in a different representation of the USp(8) group. In view of the values for the
U(1) charges and the fact that ψa
A and λA define precisely 48 5D symplectic Majorana
spinors, these fields must combine into the 48 representation of the group USp(8). At
this point we should recall that only the USp(4) × U(1) subgroup is realized as a local
gauge invariance, as they originate from the symmetries of 10D IIB supergravity that were
already realized as local ones. As we have stressed in the introduction, the full USp(8)
R-symmetry group can be realized locally upon introducing a compensating phase factor
belonging to USp(8)/[USp(4) × U(1)]. We will postpone the introduction of this phase
factor till later, so that the present calculations will describe the results subject to a gauge
condition that sets the compensating phase factor equal to unity. However, it is important
to realize that the local transformations depend on both sets of coordinates, xµ and ym.
This is the reason why we adopted the indices A,B, . . . for the spinors in this case, while in
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the maximal 5D supergravity, the spinors will carry indices i, j, . . . with local R-symmetry
transformations that depend only on the space-time coordinates xµ. This issue will be
important in section 7, when considering the truncation of 10D supergravity to 5D,
In the previous section we have identified 27 vector fields Cµ
M as listed in (4.12), which
transform under supersymmetry into the symplectic Majorana spinors ψµ
A, ψa
A and λA.
As it turns out the supersymmetry variations of these fields can be written in the same
way as the variations of the vector fields in 5D maximal supergravity [8],
δCµ
M = 2
[
iΩ¯AC ¯C ψµ
B + ¯C γµχ
ABC
]VABM , (5.2)
except that, as explained above, we changed the USp(8) indices from i, j, . . . to A,B, . . ..
Here ΩAB is the symplectic USp(8) invariant tensor introduced aboved and the VABM
depend on the 42 scalar fields. All these fields depend on coordinates xµ and ym.
In the pure 5D theory the corresponding quantities VijM are defined in terms of the
E6(6)/USp(8) coset representative. The transformations (5.2) are consistent with the
USp(8) R-symmetry group and the anti-symmetric traceless spinors χABC are symplec-
tic Majorana spinors, satisfying
C−1χ¯ABCT = ΩAD ΩBE ΩCF χDEF , (5.3)
in direct correspondence with the 5D theory [8]. Because of the anti-symmetry in [ABC]
and the condition ΩAB χ
ABC = 0, this representation is irreducible. Hence the spinor
χABC should be linearly related to the spinors ψa
A and λA. Indeed, as we demonstrate
in appendix B (cf. (B.4)) the branching of the 8 and 48 USp(8) representations of the
fermions with respect to the SU(4) × U(1) subgroup accounts precisely for the fermion
fields ψµ
A, ψa
A and λA including their U(1) charge assignments.
The supersymmetry transformation rules for the vector fields Cµ
M in terms of the
spinors ψµ
A, ψa
A, λA based on IIB supergravity follow from (3.20) and (4.5) upon taking
into account the redefinitions (4.12). By comparing these expressions to (5.2) we obtain
explicit representations of the so-called generalized vielbeine VABM , which depend on all
10D coordinates. Furthermore we can deduce the explicit relation between the USp(8)
covariant spinor field χABC and the fields ψa
A and λA. In the same fashion one can
evaluate the supersymmetry transformations of the tensor fields, a topic that will be dealt
with at the end of this section.
Matrices in spinor space can be decomposed into direct products of the 5D gamma
matrices γµ and the SO(6) gamma matrices. The latter products can be conveniently de-
composed into 28 anti-symmetric matrices Ω, Ω Γaˆ, Ω ΓaˆΓ7 and Ω ΓaˆbˆΓ7, and 36 symmetric
matrices Ω Γ7, Ω Γaˆbˆ and Ω Γaˆbˆcˆ. The latter are proportional to the anti-hermitian genera-
tors of USp(8) (note that the matrices Γaˆbˆ are the generators of the group SU(4)
∼= SO(6)).
Before obtaining a representation of the generalized vielbeine VABM we note that the
USp(8) transformations of the spinors ψµ
A and A have been defined in appendix B, and
they imply that the bilinears ΩAC ¯Cψµ
B transform in the 27 representation of USp(8).
Since the vector fields are not subject to the R-symmetry, it follows that the generalized
vielbeine VABM transform in the same representation, so that they can be expanded in the
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corresponding gamma matrix combinations,
VABM =VaM
(
Ω Γa
)
AB + V6M
(
Ω Γ6
)
AB + V˜aM
(
Ω ΓaΓ7
)
AB + V˜6M
(
Ω Γ6Γ7
)
AB
+ VabM
(
Ω ΓabΓ7
)
AB + 2Va6M
(
Ω Γa6Γ7
)
AB , (5.4)
which defines the branching of the 27 representation of USp(8) with respect to SO(5)
(which directly follows via the branching with respect to SO(6)),
27
SO(6)−→ 6 + 6¯ + 15 SO(5)−→ 1 + 5 + 1 + 5 + 10 + 5 . (5.5)
The generalized vielbeine can now be directly determined from the supersymmetry trans-
formations of the vector fields, which leads to
VABm = − 1
4
i ∆−1/3 eam
(
ΦTΩ Γa6Γ7 Φ
)
AB ,
VABmn = − 4
5
√
5i ∆2/3
(
ΦTΩ ΓmnΓ7 Φ
)
AB
+
4
5
√
5 e˚−1εmnpqrAαpq VAB αr
+
32
15
√
5 e˚−1εmnpqr
[
Apqrs − 3
16
iεαβA
α
pqA
β
rs
]
VABs ,
VAB αm = 1
4
i ∆−1/3
[
(φα − εαβφβ)
(
ΦTΩ Γm Φ
)
AB + (φα + εαβφ
β)
(
ΦTΩ ΓmΓ7 Φ
)
AB
]
+ i εαβA
β
mn VABn ,
VAB α = 1
10
√
5i ∆2/3
[
(φα − εαβφβ)
(
ΦTΩ Γ6 Φ
)
AB + (φα + εαβφ
β)
(
ΦTΩ Γ6Γ7 Φ
)
AB
]
+
1
16
i εαβA
β
mn VABmn
− 1
15
√
5 e˚−1εmnpqr
[
Amnpq VABαr + 2i εαβ AβmnApqrs VABs
]
− 1
40
√
5i εαβ e˚
−1εmnpqr
[
AβmnA
γ
pq VAB γr − 1
3
i εγδ A
γ
smA
δ
npA
β
qr VABs
]
. (5.6)
In the above equations we have now included the compensating phase factors ΦAB that were
discussed earlier, which enable the USp(8) R-symmetry group to be realized locally. The
phase factors are simply generated by a redefinition of the fermion fields, as Φ ∈ USp(8) is
assumed to transform under the action of USp(8) from the right and under USp(4)×U(1)
from the left, so that fermion fields Φ†Ψ, where Ψ denotes the original fields in a proper
basis, transform indeed under this local group. Previously we have assumed the gauge
condition Φ = 1l which suffices to carry out most of the various calculations. In fact, we
will continue to use this gauge condition in most of what follows. The phase factors can
always be introduced later to elevate the R-symmetry group to a local invariance group,
just as what was done long ago for 11D supergravity [1].
The next task is to establish the relation between the USp(8) covariant spinors χABC
and the spinors originating from 10D, ψa
A and λA. Comparing the terms proportional to
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these fields in the supersymmetry variations of the vector fields, one finds the following set
of equations,
ψa
A = − i
[
χABC δa
b − 1
8
(ΓaΓ
b)AD χ
DBC
] [
Ω Γb6Γ7
]
BC
,[
(1l± Γ7)Γa6
]
A
D λ
D = ± i [Ω Γa(1l± Γ7)]BC (1l± Γ7)AD χDBC ,(
1l± Γ7
)
A
D λ
D = ± i (Ω Γ6(1l± Γ7))BC (1l± Γ7)AD χDBC ,[(
Γ[ab(δc]
d1l− 1
9
Γc]Γ
d
)
Γ7
]
A
D ψd
D = − 1
6
εabcde
(
Ω ΓdeΓ7
)
BC
χABC ,
[
(Ω Γa
(
1l± Γ7)
]
BC
(
1l∓ Γ7
)A
D χ
DBC = ± 2i
[(
1l∓ Γ7
)
Γ6
(
δa
b1l− 1
3
ΓaΓ
b
)]
A
D ψb
D ,[
(1l± Γ7)Γa
]
A
D ψa
D = ∓ 3
4
i
[
Ω Γ6(1l∓ Γ7)
]
BC
(
1l± Γ7
)
A
D χ
DBC . (5.7)
These are the relations that determine the (linear) relation between the spinors ψa
A and λA
and the USp(8) covariant spinors χABC . Just as in 11D supergravity, where the expression
for the 4D spinors χABC as first given in [35] is only unique up to Fierz reordering, there are
various different ways to express the solution for χABC . One solution follows by substituting
the SO(6) covariant parametrization derived in appendix B into (5.7), which then leads
to (B.21). However, given that the ansatz for χABC is not unique, one might wonder
whether there exists an alternative version of this solution that may be even more concise.
Indeed we have found such a solution taking the form
χABC = − 3
8
i
[(
Γ6 Ω¯
)
[AB
(
Γ7λ
)
C] +
(
Γ7Γ6 Ω¯
)
[AB λC]
]
− 3
4
i
(
ΓaΓ6Γ7 Ω¯
)
[AB ψa
C] − 1
4
i Ω¯[AB
(
Γ6Γ7Γ
aψa
)
C] . (5.8)
which also satisfies (5.7). Its equivalence to (B.21) has been confirmed by demonstrating
that both solutions are related by Fierz reordering to a single expression that involves
eight different structures. This result satisfies the reality condition (5.3) and vanishes
upon contraction with ΩAB. Note also that the above expression should in principle have
been contracted with three different phase factors Φ† as was discussed above. For clarity
of the presentation we have set Φ = 1l.
Subsequently we derive a formula for the supersymmetry transformations of the gen-
eralized vielbeine VABM . For maximal 5D supergravity [8] there exists the following ex-
pression (with indices i, j, . . . replaced again by A,B, . . .),
δVABM = − i
[
4 ΩG[A χ¯BCD] 
G + 3 Ω[AB χ¯CD]G 
G
]
Ω¯CEΩ¯DF VEFM
= i ΩACΩBD
[
4 Ω¯G[C ¯G χ
DEF ] + 3 Ω¯[CD ¯G χ
EF ]G
]VEFM . (5.9)
This result is expected to be identical to the result that one obtains by calculating the
variations of the generalized vielbeine (5.6) induced by the supersymmetry transformations
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of the scalar fields,
δem
a =
1
2
em
b ¯Γa6Γ7ψb ,
δφα = − 1
4
εαβφβ ¯Γ6(1l + Γ7)λ ,
δφα = − 1
4
εαβφ
β ¯Γ6(1l− Γ7)λ ,
δAαmn = − 1
4
i em
a en
b (φα + εαβφβ) ¯ (Γabλ− 4 Γ[aψb])
+
1
4
i em
a en
b (φα − εαβφβ) ¯ (ΓabΓ7λ− 4 Γ[aΓ7ψb])
δAmnpq = − 1
2
i em
a en
b ep
c eq
d ¯Γ6Γ[abcψd] +
3
8
iεαβA
α
[mn δA
β
pq] . (5.10)
Based on the similar construction for 11D supergravity [1], we expect the supersymme-
try transformations of the vielbeine induced by the variations (5.10) to coincide with (5.9)
up to a uniform USp(8) transformation. By very laborious calculations we have been able
to demonstrate that this expectation is correct so that (5.9) can be regarded as the su-
persymmetry transformation rule for the vielbeine. More precisely, the results induced
by (5.10) take the form
δVABM = δVABM
∣∣
(5.9)
− ΛC[A VB]CM (5.11)
where ΛAB is the field-dependent infinitesimal USp(8) transformation given by
ΛAB = − 1
16
¯Γ7[Γabλ+ 4 Γ[aψb]]
(
Γab6
)
A
B
+
1
48
¯Γ7[Γabc6λ+ 2 Γabcd6ψ
d]
(
Γabc)AB
+
1
4
¯Γ7Γacψ
c
(
Γa6
)
A
B +
1
4
¯Γ7Γ6[aψb]
(
Γab)AB . (5.12)
We now proceed with the supersymmetry transformations of the tensor fields Cµν mn,
Cµν
αm and Cµν
α that were defined in (4.11), following the same approach as for the vector
fields. Their supersymmetry transformations follow upon substituting the results specified
in (3.22) and (4.9). Subsequently we compare them to the five-dimensional transformation
rules for the tensor fields [8] with the indices adjusted as before,
δCµν M− 2 dMNP C[µN δCν]P
=
4
5
√
5VMAB
[
2 ψ¯[µA γν]
C ΩBC − iχ¯ABC γµνC
]
= − 4
5
√
5VMAB
[
2 ΩAC ¯B γ[µψν]
C + iΩADΩBE ¯C γµνχ
DEC
]
. (5.13)
In 5D maximal gauged supergravity the tensor fields constitute a 27 representation of
E6(6). From IIB supergravity we have initially identified only 22 different tensor fields.
The missing five tensors Cµν m have been identified as originating from a component of
the 10D dual graviton. The second term on the left-hand side of (5.13) has already been
specified in (4.17).
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From the terms in (5.13) proportional to ψµ
C one can directly obtain the following
expressions for the 22 components of VMij , by making use of the supersymmetry transfor-
mations of the corresponding tensors derived in the previous sections,
VmnAB = − 1
32
√
5i ∆−2/3emaenb
(
Φ† ΓabΓ7Ω¯ Φ¯
)
AB +
1
8
i εαβ A
α
mn Vβ AB ,
VαmAB = − 1
4
i∆1/3 ea
m
[(
φα − εαβφβ) (Φ† ΓeΩ¯ Φ¯)AB − (φα + εαβφβ) (Φ†ΓeΓ7Ω¯ Φ¯)AB]
+
1
15
√
5 e˚−1εmnpqr
[
Anpqr VαAB + 3
8
iAαnpA
β
qr εβγVγ AB − 6AαnpVqrAB
]
,
VαAB = − 1
8
√
5i ∆−2/3
[(
φα−εαβφβ
) (
Φ† Γ6Ω¯ Φ¯
)
AB−(φα+εαβφβ) (Φ† Γ6Γ7Ω¯ Φ¯)AB] ,
(5.14)
where we have again included the phase factors Φ. Before discussing how to obtain the
missing components of VMAB that are associated with the dual graviton, we first consider
the contractions of the form VMAB VABN making use of the expressions (5.6) and (5.14).
As it turns out the only non-zero contractions are given by
VmnAB VAB pq = 2 δmnpq ,
VαAB VAB β = δαβ ,
VαmAB VAB βn = δαβ δmn , (5.15)
suggesting that
VMAB VABN = δMN . (5.16)
This condition is actually identical to the one that holds in 5D maximal gauged supergrav-
ity. In the same spirit as before, we may assume that (5.16) holds in this case as well, and
this then enables us to also determine the five missing components VmAB,
VmAB = − 1
2
i ∆1/3em
a
(
Φ†Γa6Γ7Ω¯Φ¯
)AB
+
16
15
√
5 e˚−1εnpqrs
[
Amqrs − 3
16
i εαβA
α
qrA
β
sm
]
Vnpij − iAαmn εαβ VβnAB
+
1
15
√
5i e˚−1εnpqrs εαβ
[
Anpqr A
β
sm − 1
8
i εγδA
β
npA
γ
qrA
δ
sm
]
VαAB . (5.17)
Note that the conditions (5.16) implies that also the supersymmetry transformations of
the VMAB are determined and take the same form as the corresponding supersymmetry
transformations in 5D maximal supergravity. Needless to say, the results obtained from
the vector fields on the covariant spinors χABC can be verified also from the perpective of
the transformations of the tensor fields. The results turn out to be mutually consistent.
This completes the evaluation of the bosons and their supersymmetry transformations.
We have succeeded in identifying these fields from IIB supergravity such that the results
resemble as closely as possible the structure of the 5D maximal gauged supergravities [8]
while retaining the full dependence on all ten coordinates. For the fields associated with
the dual graviton, we obtained their supersymmetry transformations by requiring them
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to be consistent with the global structure exhibited for the other fields. In this way the
results exhibit covariance with respect to the duality group E6(6), although the IIB theory
is not in any way invariant under this group. This is further confirmed by the fact that
the following representation of the invariant tensor dMNP which was noted for maximal
5D supergravity [8],
dMNP =
2
5
√
5VMAB VMCD VMEF ΩBC ΩDE ΩFA , (5.18)
is also satisfied here, as this expression precisely reproduces the tensor dMNP as specified
in (4.17).
As a final comment we note that the generalized vielbeine are pseudo-real. This prop-
erty is inherited form the (pseudo-)reality of the tensors and the fermionic bilinears. We
remind the reader that taking complex conjugates of vielbeine that carry the SU(1, 1) re-
quires the contraction with a two-dimensional metric ηαβ = diag(+1,−1) in order to obtain
a covariant quantity (see section 2).
6 The fermion transformation rules
In the previous sections we concentrated mostly on the supersymmetry transformations
of the vector and tensor fields. Their supersymmetry transformations take the form of
USp(8) invariant contractions between covariant spinor bilinears with the generalized viel-
beine. This is consistent with the fact that the vector and tensor fields are invariant under
the R-symmetry. Also the space-time fu¨nfbein is invariant under USp(8), and so is its su-
persymmetry transformations. The scalar fields do not transform covariantly (cf. (5.10)),
but indirectly they do respect the USp(8) symmetry as their supersymmetry transforma-
tions induce covariant variations on the generalized vielbeine. In view of the above it is
therefore of interest to consider the supersymmetry transformations of the fermion fields,
ψµ
A and χABC , to verify whether they will also take a USp(8) covariant form. These re-
sults will not only complement the previous results, but they will enable one to properly
identify various bosonic USp(8) tensors. Here we follow the same strategy as was applied to
11D supergravity [1]. As it will turn out, the global structure of the results of the ensuing
analysis is rather similar.
The analysis starts with the fermionic transformation rules given in (3.12)–(3.14),
but now written with eight-component symplectic Majorana spinors and SO(6) gamma
matrices. We start by presenting the spin-1/2 fields, ψa
A and λA, which transform as
follows under supersymmetry (up to terms of higher order in the fermions),
δψa = ∆
−1/3eam
[
∂m − 1
4
ωm
αβ γαβ − 1
6
∂m ln ∆
]

− 1
2
∆−1/3
[
ωa
αb γαΓb6Γ7 +
1
2
ωa
bcΓbc + iQaΓ7
]

+
1
240
∆−1/3εbcdef
[
FbcdefΓa6 − 5γαFαbcdeΓfΓaΓ7 − 5γαβFαβbcdΓefΓa6
]

− 1
96
i∆−1/3
[
(GbcdP+ − G¯bcdP−)(ΓaΓbcd + 2 ΓbcdΓa)Γ6
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− 3 γα(GbcαP+ + G¯bcαP−)(ΓaΓbc − 2 ΓbcΓa)
]

− 1
96
i∆−1/3γαβ
[
3(GαβbP+ − G¯αβbP−)(ΓaΓb + 2 ΓbΓa)Γ6
− 1
2
εαβγδτ (G
γδτP+ + G¯γδτP−)Γa
]
 ,
δλ = ∆−1/3
[
γα(Pα P+ − P¯α P−)Γ6 + (Pa P+ + P¯a P−)Γa
]

+
1
8
∆−1/3
[
− 1
3
i(Gabc P+ − G¯abc P−)Γabc6 − i γα(Gαab P+ + G¯αab P−)Γab
− i γαβ(Gαβa P+ − G¯αβa P−)Γa6
+
1
6
i γαβεαβγδτ (G
γδτ P+ + G¯γδτ P−)
]
 , (6.1)
where we employed the SO(6) chiral projection operators P± = 12
(
1l ± Γ7
)
. To verify
that these results are consistent with USp(8) R-symmetry is subtle and requires us to first
combine the two equations (6.1) into the covariant tri-spinor variation δχABC . For this
one makes use of (5.8). Since this is rather involved, let us first proceed to the gravitino
variation and return to the spin-1/2 variations at the end of the section.
The supersymmetry transformations of the gravitino fields ψµ
A take the following form,
where we have ordered the various terms in a particular way in view of what will follow,
δψµ =
[
∂µ −Bµm∂m − 1
6
(∂µ −Bµm∂m) ln ∆
− 1
4
∆−1/3eµα
(
ωα
βγγβγ +
2
3
γαγβ ωa
aβ
)]

− 1
2
∆−1/3eµα
[
iQαΓ7 +
1
2
ωα
abΓab − 1
12
εabcdeFαbcdeΓa6
+
1
4
i(GαabP+ − G¯αabP−)Γab6
]

+
1
24
∆−1/3eµα(γαβγ − 4δαβγγ)
[
i(GβγaP+ + G¯βγaP−)Γa
+
1
6
iεβγδτλ(G
δτλP+ − G¯δτλP−)Γ6
− 2ωa βγ Γa6Γ7 − 1
3
εabcdeFβγabcΓdeΓ7
]

+
1
3
∆−1/3eµαγα Γm6Γ7
[
∂m − 1
6
∂m ln ∆− 1
2
iQmΓ7 − 1
4
ωm
bcΓbc
+
1
600
εbcdefFbcdefΓm6 − 1
24
i(GmbcP+ − G¯mbcP−
)
Γbc6
]

+
1
2
∆−1/3eµα
[
(ωαaβ − ωaαβ)γβ Γa6Γ7 + 1
3
γαγ
β ωa βb Γ
ab
]
 , (6.2)
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where we haved used the same notation as in (6.1) and have suppressed terms of higher-
order in the fermion fields. It is worth noting at this point that some terms already
combine into representations of USp(8). In particular, the terms in the second bracket
span the 36 and thus take values in usp(8) and those in the third bracket span the 27
representation of USp(8). The structure of the last two brackets is more subtle and will be
discussed momentarily.
Following [1], the next step is to expand the components of the 10D spin connection
about the reference background of the internal 5D space characterized by the fu¨nfbein
e˚m
a(y). To this purpose, we write the spin connection in terms of the anholonomity
coefficients, which depend on the zehnbein and its derivatives,
ωMAB =
1
2
EM
C(ΩABC − ΩBCA − ΩCAB) ,
ΩAB
C = 2E[A
MEB]
N ∂MEN
C . (6.3)
Writing the internal fu¨nfbein as
em
a(x, y) = e˚m
b(y)Sb
a(x, y) , ema(x, y) = S
−1
a
b(x, y) e˚mb(y) , (6.4)
such that ∆ = det[Sa
b], one can evaluate the components of ΩAB
C making use of (3.1),
Ωαβ
γ = 2 ∆1/3
[
e[α
µeβ]
ν Dµeνγ − 1
3
e[α
µ δβ]
γ Dµ ln ∆
]
,
Ωαβ
c = 2 ∆2/3e[α
µeβ]
ν e˚m
bSb
cDµBνm ,
Ωaβ
γ =S−1ab e˚bm
[
eβ
ν ∂meν
γ − 1
3
δβ
γ ∂m ln ∆
]
,
Ωab
γ = 0 ,
Ωaβ
c = ∆1/3S−1ab eβµ
[˚
eb
me˚n
d Sd
cD˚mBµ
n −DµSbc
]
+ ∆1/3eβ
µBµ
m ω˚m
c
a ,
Ωab
c = − 2S−1[ad S−1b]e e˚em D˚mSdc − 2 ω˚mc[a S−1b]d e˚dm . (6.5)
Here we have defined Dµ = ∂µ − BµmD˚m, where D˚m is the derivative that is covariant
with respect to tangent-space transformations of the background. Hence it contains the
spin connection ω˚m
ab(y),
ω˚mab =
1
2
e˚m
c(Ω˚abc − Ω˚bca − Ω˚cab) , Ω˚abc = 2 e˚[ame˚b]n ∂me˚nc , (6.6)
and possibly the corresponding Christoffel connection, depending on the tensor it acts on.
These results exhibit, up to dimension dependent coefficients, the same structure as in the
11D case and we refer to [1] for further details.
After substitution of the expressions (6.5) into (6.2) and some rearrangements, one
obtains the following result,
δψµ
A =Dµ
A − 1
6
(D˚mCµ
m)A +
1
12
i (γµ
βγ − 4 eµβγγ)HβγAB ΩBC C
− 4
3
i Ω¯AC VCBmDm
(
γµ 
B
)− 2
3
i Ω¯ACDm
(
γµ VCBm
)
B , (6.7)
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where we have now written the field Bµ
m as Cµ
m, as the above expression is the final
result. Here Dµ and Dm denote the full Spin(4, 1) × USp(8) covariant derivatives with
USp(8) connections Qµ and Qm, such that
Dµ
A =DµA − 1
4
ωˆµ
αβγαβ
A −QµAB B ,
Dm
A = D˚m
A −QmAB B . (6.8)
Here the modified spin connection ωˆµ
αβ is defined by
ωˆµ
αβ = ωµ
αβ +
2
3
D˚mBν
m eµ
[αeβ]ν , (6.9)
where ωµ
αβ is the regular torsion-free spin connection expressed in terms of the fu¨nfbein
eµ
α. The two USp(8) connections, QµAB and QmAB, are equal to
QµAB = 1
4
[
S−1 ac Sdb e˚cm e˚nd D˚mBµn − (S−1DµS)ab
] (
Φ†ΓabΦ
)
A
B
+
1
2
i∆−1/3eµαQα
(
Φ†Γ7Φ
)
A
B
− 1
24
∆−1/3eµαεabcdeFαabcd
(
Φ†Γe6Φ
)
A
B
+
1
8
i∆−1/3eµα
(
Gαab
(
Φ†P+Γab6Φ
)
A
B − G¯αab
(
Φ†P−Γab6Φ
)
A
B
)
− (Φ† ∂µΦ)AB ,
QmAB = − 1
4
(S−1D˚mS)ab
(
Φ†ΓabΦ
)
A
B +
1
2
iQm
(
Φ†Γ7Φ
)
A
B
+
1
24
i
(
Gmbc
(
Φ†P+Γbc6Φ
)
A
B − G¯mbc
(
Φ†P−Γbc6Φ
)
A
B
)
− 1
600
εabcdeFabcde
(
Φ†Γm6Φ
)
A
B −
(
Φ† ∂mΦ
)
A
B . (6.10)
The field strength HαβAB spans the 27 of USp(8) and reads
HαβAB = i∆−1/3
[
(S−1)ab e˚bme[αµ ∂meµβ] −∆2/3 e[αµeβ]ν e˚mb SbaDµBνm
]
× (Φ†Γa6Γ7Ω¯Φ¯)AB
− 1
2
∆−1/3
(
Gaαβ
(
Φ†P+ΓaΩ¯Φ¯
)
AB + G¯aαβ
(
Φ†P−ΓaΩ¯Φ¯
)
AB
)
− 1
12
∆−1/3εαβγδλ
(
Gγδλ
(
Φ†P+Γ6Ω¯Φ¯
)
AB − G¯γδλ (Φ†P−Γ6Ω¯Φ¯)AB)
− 1
6
i∆−1/3εabcdeFαβabc
(
Φ†ΓdeΓ7Ω¯Φ¯
)
AB , (6.11)
Finally we have used the identity
DmVABm = −
[
(S−1D˚mS)(ab) eam enb +
1
3
∂n ln ∆
]
VABn . (6.12)
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With these definitions the local USp(8) covariance of the gravitino supersymmetry varia-
tions has been established.
Now we return to the supersymmetry transformations of the spin-1/2 fields. Upon
combining the results (6.1) into the covariant form δχABC , one obtains, after some rear-
rangements similar to those used in δψµ
A,
δχABC =
1
2
i γµPµABCD ΩDE E
− 3
16
γαβ
[
Hαβ [AB C] − 1
3
Ω¯[ABHαβC]DΩDE E
]
− 3 Ω¯D[A
[
Ω¯B|E VDEmDmC] − 1
3
Ω¯BC] VDEmDmE
]
− 3
2
Ω¯D[A
[
Ω¯B|E DmVDEm C] − 1
3
Ω¯BC]DmVDEm E
]
− 2PmABCD VDEmE . (6.13)
In this expression two new tensors appear, PµABCD and PmABCD, which transform in the
42 representation of USp(8). These tensors also appear in the so-called vielbein postulates,
D˚mVABn − 2QmC [A VB]Cn + ΩAC ΩBD PmCDEF VEF n = 0 ,
DµVABm + 1
3
D˚nCµ
n VABm + D˚nCµm VABn
−2QµC[A VB]Cm + ΩAC ΩBD PµCDEF VEFm = 0 . (6.14)
Note that these expressions are similar to the corresponding postulates in 11D [1]. Such
equations will apply to all the generalized vielbeine, but we refrain from presenting further
results. Note that we have again written Bµ
m as Cµ
m.
Both the supersymmetry transformations (6.7) and (6.13) thus take a manifestly
USp(8) covariant form. The two new tensors, PµABCD and PmABCD, are defined by (in
the gauge where the phase factor Φ is set to unity)
PµABCD = 1
8
∆−1/3(Pµ + P¯µ)
[
(ΓaΩ¯)
[AB(ΓaΩ¯)CD] + (Γ6Ω¯)
[AB(Γ6Ω¯)
CD] + 2 Ω¯[ABΩ¯CD]
]
− 1
8
∆−1/3(Pµ − P¯µ)
[
(ΓaΩ¯)
[AB(ΓaΓ7Ω¯)
CD] + (Γ6Ω¯)
[AB(Γ6Γ7Ω¯)
CD]
]
− 3
16
(
(S−1DµS)(ab) − δc(aeb)mencD˚mBµn
)
×
[
(ΓacΓ7Ω¯)
[AB(ΓbcΓ7Ω¯)
CD] + (ΓaΓ6Γ7Ω¯)
[AB(ΓbΓ6Γ7Ω¯)
CD]
]
− 3
16
(
∂µ ln ∆− D˚mBµm
)[
(ΓcΓ6Γ7Ω¯)
[AB(ΓcΓ6Γ7Ω¯)
CD] − 10
3
Ω¯[ABΩ¯CD]
]
− 1
32
∆−1/3eµαFαcdefεacdef (ΓabΓ7Ω¯)[AB(ΓbΓ6Γ7Ω¯)CD]
− 1
32
∆−1/3eµαεabcde(Gαde + G¯αde)(ΓaΓ7Ω¯)[AB(ΓbcΓ7Ω¯)CD]
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+
1
16
i∆−1/3eµα(Gαab − G¯αab)
×
[
(ΓabΓ7Ω¯)
[AB(Γ6Γ7Ω¯)
CD] + 2(ΓaΓ7Ω¯)
[AB(ΓbΓ6Γ7Ω¯)
CD]
]
, (6.15)
and
PmABCD = 1
8
(Pm + P¯m)
[
(ΓaΩ¯)
[AB(ΓaΩ¯)CD] + (Γ6Ω¯)
[AB(Γ6Ω¯)
CD] + 2 Ω¯[ABΩ¯CD]
]
− 1
8
(Pm − P¯m)
[
(ΓaΩ¯)
[AB(ΓaΓ7Ω¯)
CD] + (Γ6Ω¯)
[AB(Γ6Γ7Ω¯)
CD]
]
− 3
16
(S−1D˚mS)(ab)
×
[
(ΓacΓ7Ω¯)
[AB(ΓbcΓ7Ω¯)
CD] + (ΓaΓ6Γ7Ω¯)
[AB(ΓbΓ6Γ7Ω¯)
CD]
]
− 3
16
∂m ln ∆
[
(ΓcΓ6Γ7Ω¯)
[AB(ΓcΓ6Γ7Ω¯)
CD] − 10
3
Ω¯[ABΩ¯CD]
]
− 1
800
em
aFcdefgε
cdefg(ΓabΓ7Ω¯)
[AB(ΓbΓ6Γ7Ω¯)
CD]
− 1
96
em
fεabcde(G
de
f + G¯
de
f )(Γ
aΓ7Ω¯)
[AB(ΓbcΓ7Ω¯)
CD]
+
1
48
i em
c (Gabc − G¯abc)
×
[
(ΓabΓ7Ω¯)
[AB(Γ6Γ7Ω¯)
CD] + 2(ΓaΓ7Ω¯)
[AB(ΓbΓ6Γ7Ω¯)
CD]
]
. (6.16)
Note that the above formulae (6.15) and (6.16) are unique up to Fierz reordering.
7 On the consistent truncation to 5D SO(6) gauged supergravity
The results of this paper can be used to establish the full consistency of the truncation
of IIB supergravity compactified on the sphere S5 to 5D SO(6) gauged supergravity [33],
along the same lines that were followed originally for the truncation of 11D supergravity
compactified on the sphere S7 to 4D SO(8) gauged supergravity [2–4, 44–46]. For IIB
supergravity some partial results have already appeared in the literature [21, 34] and they
will be confirmed below from the results of this paper. It is clear that additional results
can be obtained by a more complete analysis, but a full treatment is outside the scope of
this paper. The same holds for a study of more general truncations along the lines pursued
in [39] for 11D supergravity.
It is worth stressing that this concept of a consistent truncation goes beyond proving
that solutions of 5D maximal SO(6) gauged supergravity can be uplifted to the IIB theory.
Rather, starting from the fully supersymmetric solution with AdS5 × S5, one sweeps out
the full field configuration space of 5D maximal supergravity in the ten-dimensional field
configuration space. This is done by writing the 10D fields as functions of the 5D fields,
involving y-dependent functions, mostly constructed from the S5 Killing spinors, in such a
way that the 10D supersymmetry transformations remain consistent upon extracting these
y-dependent factors. In the case at hand these eight independent, pseudo-real, Killing
spinors, ηA(y), satisfy (
D˚m +
1
2
m5 e˚m
a Γa6
)
η(y) = 0 . (7.1)
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Here m5 denotes the inverse S
5 radius which is related to the background value of the field
strength Fmnpqr by m5 =
1
120 e˚ ε
mnpqrF˚mnpqr. Furthermore D˚m equals the S
5 background
covariant derivative and e˚m
a is the globally defined fu¨nfbein on S5. The Killing spinor
equation (7.1) is motivated by the fact that it characterizes the supersymmetry of the
AdS5 × S5 solution of IIB supergravity. Note that all Killing spinors in this section will
be commuting.
In view of what follows it is useful to first discuss these Killing spinors in more detail.
Since (7.1) is a first-order differential equation it allows for eight independent solutions.
However, in five Euclidean dimensions, the Clifford algebra associated with the SO(5)
gamma matrices has an automorphism group equal to Sp(1) ∼= SU(2). Consequently one
can choose six independent spinors that are not related by the action of the automorphism
group, so that the orbit that is then swept out under the action of the SU(2) automorphism
group will yield the two remaining independent spinors. Bilinears constructed from the
Killing spinors that involve only the original SO(5) gamma matrices will necessarily be
invariant under the automorphism group and therefore the number of independent spinor
bilinears of this type will constitute 6 ⊗ 6 independent bilinears which decompose into 15
anti-symmetric and 21 symmetric components. This argument, which incidentally also
plays a role when analyzing the number of degrees of freedom of the generalized vielbeine
in section 5, explains why the bilinears produce precisely 15 independent Killing vectors.
More specifically it follows that
e˚a
m η¯1(y) Γ
a6Γ7 η
2(y) =
∑
[aˆbˆ]
C aˆbˆKmaˆbˆ(y) , (7.2)
where η1,2 are two possible Killing spinors (with η¯ ≡ η†) and the indices aˆ, bˆ, . . . denote
the components of the defining representation of the SO(6); in this background this SO(6)
corresponds to the isometry group of the sphere S5. The fifteen Killing vectors are labeled
with anti-symmetric pairs [aˆbˆ], and the C aˆbˆ are constants. To prove this relation one can
write the gamma matrices in terms of the original SO(5) gamma matrices and/or one
can prove directly that the left-hand side of (7.2) satisfies the Killing equation by virtue
of (7.1).
Taking the derivative of the Killing vectors one finds another tensor that is also
anti-symmetric in [aˆbˆ] (note that indices are lowered/raised with the S5 metric g˚mn and
its inverse),
D˚mKn aˆbˆ = m5Kmn aˆbˆ . (7.3)
In five dimensions this tensor is known as a Killing tensor. It satisfies the equation
D˚mKnp aˆbˆ = −2m5 g˚m[nKp] aˆbˆ . (7.4)
From the previous results one then derives
e˚m
a e˚n
b η¯1(y) ΓabΓ7 η
2(y) =
∑
[aˆbˆ]
C aˆbˆKmn aˆbˆ(y) . (7.5)
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After these observations we turn to the consistent truncation ansa¨tze for the 10D fields.
We start from eight independent Killing spinors, now labeled by indices i, j, . . . = 1, 2, . . . , 8,
such that these spinors form an orthonormal basis in the USp(8) spinor space and are
subject to a pseudo-reality condition,
η¯i(y) ηj(y) = δ
i
j , η¯
i
A = Ω¯
ij ΩAB ηj
B , (7.6)
where Ω¯ij and ΩAB are the symplectic matrices used before. The truncation for the
fermions, the supersymmetry parameters and the space-time vielbein eµ
α are then assumed
to take the form,3
ψµ
A(x, y) =ψµ
i(x) ηi
A(y) ,
A(x, y) = i(x) ηi
A(y) ,
χABC(x, y) =χijk(x) ηi
A(y) ηj
B(y) ηk
C(y) ,
eµ
α(x, y) = eµ
α(x) . (7.7)
Making this assumption will obviously restrict the USp(8) R-symmetry transformations to
UAB(x, y) = U
i
j(x) ηi
A(y) η¯jB(y) , (7.8)
and leaves the group structure intact by virtue of the conditions (7.6). Observe that the
supersymmetry transformations for eµ
α are consistent under this truncation. However, for
the other bosons the truncation ansatz is more subtle.
To derive the truncation ansa¨tze for the remaining bosons one first considers their
supersymmetry variations into the fermions, defined according to (7.7). For instance,
consider (5.2), which will now take the form,
δCµ
M (x, y) = 2
[
iΩ¯ik ¯k(x)ψµ
j(x) + ¯k(x) γµχ
ijk(x)
]
VijM (x, y) , (7.9)
where
VijM (x, y) = ηiA(y) ηjB(y)VABM (x, y) . (7.10)
The consistency of the truncation now requires that the y-dependence of Cµ
M and VijM
will match.
Before deriving some of the additional truncation results, let us first compare the
situation regarding the compactification on the torus T 5 and the sphere S5. In the torus
truncation all the fields Cµ
M will appear and will be independent of the torus coordinates
ym. Consequently the generalized vielbeine VijM will also be y-independent and they will
be precisely equal to the corresponding quantities Uij
M (x) that are a representative of
the E6(6)/USp(8) coset space.
4 The tensor fields Cµν M can be gauged away in the torus
truncation where they carry no additional information and they are simply dual to the
vector fields.
3The phase factor Φ is only implicit in the formulae below, but it actually plays a crucial role to ensure
that consistency is achieved (see e.g. [45]).
4Here we deviate from the notation used in [8] where the Uij
M (x) are denoted also by VijM .
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The situation for the S5 compactification is different, as in this case the various ‘phys-
ical’ fields reside in both the Cµ
M and Cµν M [33]. More precisely, in this case there are
fifteen vector fields transforming in the adjoint representation of the SO(6) subgroup of
E6(6) and twelve tensor fields transforming as a direct product of the vector representa-
tion of the same SO(6) subgroup and the doublet represention of the SU(1, 1) subgroup
of E6(6). The remaining vector and tensor fields in the sphere truncation are the duals of
these 15 ⊕ 12 fields, which can be gauged away in the embedding tensor approach. This
decomposition in terms of the expected vector and tensor fields must be reflected in the
truncation ansa¨tze for the vectors and tensors.
It is important to realize that the fields Cµ
M and Cµν M are gauge fields, which ex-
cludes field-dependent multiplicative redefinitions. Given that the y-dependence should be
extracted in the form of the geometric quantities associated with the sphere, it is rather ob-
vious what the truncation ansa¨tze should be. Let us first demonstrate this for the SU(1, 1)
invariant vector and tensor fields, Cµ
m, Cµ
mn, Cµν m and Cµν mn, each of which can be
decomposed into the fifteen Killing vectors or tensors according to
Cµ
m(x, y) =Kmaˆbˆ(y)Aµ
aˆbˆ(x) ,
Cµ
mn(x, y) =Kmnaˆbˆ(y) A˜µ
aˆbˆ(x) ,
Cµν m(x, y) =Km
aˆbˆ(y)Bµν aˆbˆ(x) ,
Cµν mn(x, y) =Kmn
aˆbˆ(y) B˜µν aˆbˆ(x) . (7.11)
However, as explained above, in 5D one has only fifteen vector and fifteen tensor fields in the
SU(1, 1) invariant sector, so that one must assume that Aµ
aˆbˆ(x) and A˜µ
aˆbˆ(x) are identical
up to a possible multiplicative constant; the same holds for the tensor fields Bµν aˆbˆ(x) and
B˜µν aˆbˆ(x). However, here and in the following we will not be concerned about numerical
factors, also in view of the fact that we have not adopted specific normalizations for the
Killing vectors and tensors.
A similar decomposition applies to the generalized vielbeine Vijm, Vijmn, Vmij and
Vmnij which appear in the variation of the above fields,
Vijm(x, y) =Uijaˆbˆ(x)Kmaˆbˆ(y) ,
Vijmn(x, y) =Uijaˆbˆ(x)Kmnaˆbˆ(y) ,
Vmij(x, y) =Uaˆbˆij(x)Kmaˆbˆ(y) ,
Vmnij(x, y) =Uaˆbˆij(x)Kmnaˆbˆ(y) , (7.12)
where, as we have explained above, Uij
aˆbˆ(x) and Uaˆbˆ
ij(x) are the (unique) components of
the E6(6)/USp(8) coset space satisfying
Uaˆbˆ
ij(x)Uij
cˆdˆ(x) = 2 δaˆbˆ
cˆdˆ . (7.13)
Note that the combined equations (7.11) and (7.12) ensure that the corresponding super-
symmetry transformations are consistent under the truncation.
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Subsequently we consider the following identities that follow from direct calculation
using the generalized vielbeine presented in section 5, after converting the USp(8) indices
according to (7.10),
V¯ ikm Vkjn + V¯ ik n Vkjm = − 1
4
δij V¯klm Vkln ,
Ω¯ik Ω¯jl Vijm Vkln = 1
2
∆−2/3gmn ,
Ω¯ik Ω¯jl Vijm Vklnp = 32
15
√
5 e˚−1εnpqrs
[
Aqrst +
3
16
iεαβ A
α
qrA
β
st
]
V¯ ij m Vij t , (7.14)
where gmn is the full (inverse) internal metric, which depends on the scalar fields. It is
therefore different from the S5 inverse metric g˚mn(y), unless the scalar fields take their
background values. We remind the reader that the generalized vielbeine are pseudo-real so
that the complex conjugate equals V¯ ij m ≡ (Vijm)∗ = Ω¯ik Ω¯jk Vklm. Hence it follows that
∆−2/3 gmn(x, y) = 2 Ω¯ik Ω¯jl Uijaˆbˆ(x)Uklcˆdˆ(x) Kmaˆbˆ(y)K
n
cˆdˆ(y) . (7.15)
with ∆2 = det[g(x, y)]/ det[˚g(y)]. This result is rather generic and was first found for
11D supergravity compactified on S7 [46] with the prefactor ∆−1. For IIB supergravity
compactified on S5 the above result was established in [21, 34].
The next step is to study the consequences of the third identity (7.14). Substitution
of the generalized vielbeine leads to the equation
∆−2/3
[
Amnpq +
3
16
iεαβ A
α
[mnA
β
p]q
]
=
1
64
√
5 Ω¯ik Ω¯jl Uij
aˆbˆ(x)Ukl
cˆdˆ(x) gqr(x, y)
× e˚ εmnptuKraˆbˆ(y)Ktucˆdˆ(y) . (7.16)
This identity has been derived in the context of generalized geometry [21] where the cor-
responding reduction manifold admits a generalized parallelization. The derivation above
follows the same approach as the one followed in the context of 11D supergravity [4], where
it gave rise to the non-linear ansatz of the internal tensor Amnp. One term on the left-hand
side should be modified in view of the fact that there is a non-zero background four-form
potential A˚mnpq because the five-form field strength is non-vanishing in this background.
The term Amnpq on the left-hand side should therefore be replaced by Amnpq − A˚mnpq.
Subsequently we continue to the twelve vector and twelve tensor fields that transform
under SU(1, 1), namely Cµα, Cµαm, Cµν
α and Cµν
αm, which should be decomposed into
the twelve vector and and twelve tensor fields that one expects in 5D. However, in view of
their number, it is not possible to expand these fields in terms of Killing vectors or tensors.
Therefore we introduce the SO(6) vector fields Y aˆ(y) that satisfy Y aˆ(y)Yaˆ(y) = 1, whose
parametrization in terms of the ym is based on the same SO(6)/SO(5) coset representative
as all other geometric quantities of S5, such as the metric and the Killing vectors and
tensors (see, e.g. [46]). In that case one can parametrize the remaining vector and tensor
fields in terms of the twelve expected 5D fields,
Cµα(x, y) =Y
aˆ(y)Aµαaˆ(x) ,
Cµαm(x, y) = ∂mY
aˆ(y)Aµαaˆ(x) ,
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Cµν
α(x, y) =Yaˆ(y)Bµν
αaˆ(x) ,
Cµν
αm(x, y) = g˚mn ∂nYaˆ(y)Bµν
αaˆ(x) . (7.17)
A similar decomposition now applies to the generalized vielbeine Vij α, Vij αm, Vα ij and
Vαm ij which appear in the variation of the above fields,
Vij α(x, y) =Uij αaˆ(x)Y aˆ(y) ,
Vij αm(x, y) =Uij αaˆ(x) ∂mY aˆ(y) ,
Vα ij(x, y) =Uαaˆ ij(x)Yaˆ(y) ,
Vαm ij(x, y) =Uαaˆ ij(x) g˚mn ∂nYaˆ(y) , (7.18)
where Uij αaˆ(x) and U
αaˆ ij(x) are again related to specific components of the E6(6)/USp(8)
coset space that appear in the 5D theory. They satisfy
Uαaˆ ij(x)Uij βbˆ(x) = δ
α
β δ
aˆ
bˆ . (7.19)
Now we consider the following identities that can be derived for the generalized
vielbeine,
Ω¯ik Ω¯jl Vijm Vkl αn = iεαβAβnp V¯ ij m Vijp ,
εαγ Ωik Ωjl Vγij Vβ kl = 5
4
∆−4/3
(
δα
β − 2φαφβ
)
. (7.20)
From these identities we can derive the following results upon substituting the above trun-
cation ansa¨tze,
∆−2/3Aαmn = 2i εαβ Ω¯ik Ω¯jl Uij aˆbˆ(x)Ukl βcˆ(x)Kpaˆbˆ(y) gp[m(x, y) ∂n]Y
cˆ(y) ,
∆−4/3
(
δα
β − 2φαφβ
)
=
4
5
εαγ Ωik Ωjl U
γaˆ ij(x)Uβbˆ kl(x)Yaˆ(y)Ybˆ(y) . (7.21)
The first result has recently been derived based on generalized geometry [21], while the
second result has been obtained long ago (under some mild assumptions) in [34] by using
the same strategy as in this section.
It is clear that so far we have probed only part of the possible identities that can be
derived based on the results of this paper. At the same time, the mutual consistency of
the various implications should also be carefully investigated, in the same way as this was
done for 11D supergravity. It should be interesting to pursue these questions further.
Acknowledgments
We acknowledge helpful discussions with Nicolas Boulanger, Hadi Godazgar, Mahdi Godaz-
gar, Olaf Hohm, Hermann Nicolai, Krzysztof Pilch, Henning Samtleben, Daniel Waldram
and Peter West. The work of F.C. and B.d.W. is supported by the ERC Advanced Grant
no. 246974, “Supersymmetry: a window to non-perturbative physics”. O.V. is supported by
a Marie Curie fellowship and is grateful to the CPHT of E´cole Polytechnique for managing
the administration of his grant. O.V. is also supported in part by DOE grant de-sc0007870.
B.d.W. thanks the Center for the Fundamental Laws of Nature of Harvard University for
hospitality extended to him during the course of this work.
– 39 –
J
H
E
P
0
4
(
2
0
1
5
)
0
9
4
A Decomposition of gamma matrices and spinors
We start from 32× 32 hermitian gamma matrices Γ˘A, where A = 1, 2, . . . 10, satisfying the
Clifford algebra anti-commutation relation, {Γ˘A, Γ˘B} = 2 δAB 1l32, and proceed in a way
that is independent of a specific representation for these gamma matrices. The hermitian
chirality operator, Γ˘11, is defined by
Γ˘11 = iΓ˘1 Γ˘2 · · · Γ˘10 , (A.1)
and satisfies
Γ˘11
2 = 1l32 , {Γ˘A, Γ˘11} = 0 . (A.2)
Moreover we note the identity,
Γ˘ABCDE =
1
120
iεABCDEFGHIJ Γ˘FGHIJ Γ˘11 . (A.3)
When considering compactifications from ten- to five-dimensional space-times, the 10D
tangent space is decomposed accordingly into a direct product of two five-dimensional
spaces, one corresponding to a five-dimensional space-time and one corresponding to a five-
dimensional internal space. Since we are dealing with spinor fields, it is then important
to identify the gamma matrices appropriate to this product space in terms of the original
10D gamma matrices.
To do so one first decomposes the gamma matrices into two sets, Γ˘α with α = 1, 2, . . . , 5
and Γ˘a+5 with a = 1, 2, . . . , 5.
5 Subsequently one introduces hermitian matrices associated
with the two five-dimensional sectors,
γ˜ = Γ˘1 Γ˘2 Γ˘3 Γ˘4 Γ˘5 , Γ˜ = Γ˘6 Γ˘7 Γ˘8 Γ˘9 Γ˘10 . (A.4)
which satisfy the following properties,
γ˜2 = 1l32 , Γ˜
2 = 1l32 , {γ˜, Γ˜} = 0 , Γ˘11 = iγ˜ Γ˜ . (A.5)
Subsequently one defines two sets of mutually commuting hermitian gamma matrices,
γˆα = iΓ˘α Γ˜ , Γˆa = iΓ˘a+5 γ˜ , (A.6)
so that {γˆα, γˆβ} = 2 δαβ1l32, {Γˆa, Γˆb} = 2 δab1l32, and [γˆα, Γˆa] = 0. The matrices γˆα will
refer to the five-dimensional space-time (to account for the signature one may write one
of the five gamma matrices, say γˆ1 as iγˆ0) and the matrices Γˆa to the five-dimensional
internal space. The matrices γˆα and Γˆa commute with Γ˘11, as one can easily verify from
the above equations. It is important to note that
γˆ[αγˆβ γˆγ γˆδγˆτ ] = εαβγδτ Γ11 ,
Γˆ[aΓˆbΓˆcΓˆdΓˆe] = − εabcde Γ11 , (A.7)
5At this stage there is no difference between upper and lower indices, so that we are dealing with a
positive Euclidean metric.
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where ε12345 = +1. Obviously, by choosing an explicit representation for the 10D gamma
matrices, one obtains explicit expressions for the various matrices that we have defined
above which will reflect their properties.
Let us now consider the charge conjugation matrix. In ten dimensions there exist two
possible options for the charge conjugation matrix, denoted by C˘±, satisfying
C˘± Γ˘AC˘−1± = ±Γ˘AT , C˘±T = ±C˘± , C˘±† = C˘−1± , (A.8)
which lead to the following results,
C˘±Γ˘11C˘−1± = −Γ˘11T , C˘±γ˜C˘−1± = ±γ˜T , C˘±Γ˜C˘−1± = ±Γ˜T . (A.9)
From the first equation (A.9), it follows that C˘± satisfy
(C˘±Γ˘11)T = Γ˘11T C˘±T = ∓(C˘± Γ˘11) , (A.10)
so that the two options for the charge conjugation matrix can simply be related by mul-
tiplication with Γ11. Furthermore we note that both C˘±Γ˜ and C˘±γ˜ are symmetric and
unitary matrices. Up to a phase factor, these can act as the charge conjugation matrices
in the 5D context, as is demonstrated by
(C˘±Γ˜)γˆα(C˘±Γ˜)−1 = γˆαT , (C˘±Γ˜)Γˆa(C˘±Γ˜)−1 = ΓˆaT . (A.11)
Similar relations hold for (C˘±γ˜).
To appreciate the significance of this result, let us consider the definition of the Dirac
conjugate in the 5D context, defined by ψ†iγˆ0, where γˆ0 was related to γˆ1 as explained
below (A.6). From these relations it follows straightforwardly that the 5D Dirac conjugate
ψ¯
∣∣
5D
is related to the 10D conjugate according to
ψ¯
∣∣
5D
= iψ¯
∣∣
10D
Γ˜ . (A.12)
Consequently, identifying the Majorana conjugate defined in (2.17) in the 10D context
with the one in the 5D context, one concludes that the charge conjugation matrix in the
5D context equals
Cˆ = iΓ˜TC˘± = ±iC˘± Γ˜ , (A.13)
so that Cˆ−1
[
ψ¯|5D
]T
= ψc, and likewise ψT = ψ¯c|5D Cˆ−1. As a consequence the two
commuting sets of 32 × 32 gamma matrices, γˆα and Γˆa, satisfy the relations known from
five dimensions,
CˆγˆαCˆ
−1 = γˆαT , CˆΓˆaCˆ−1 = ΓˆaT , CˆT = Cˆ , Cˆ† = Cˆ−1 . (A.14)
This leads to the rearrangement formula,
χ¯Γψ = −ψ¯c Cˆ−1ΓTCˆ χc , (A.15)
where Γ denotes any matrix in the spinor space, which in all cases of interest takes the
form a product of gamma matrices Γˆa and γˆα. Observe that the new charge conjugation
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matrix is not anti-symmetric, as one might expect on the basis of a single irreducible 5D
Clifford algebra representation. We return to this issue shortly.
In this paper we discuss the type-IIB theory where the spinor fields are chiral and
complex. Therefore the above formulae have to be projected on an eigenspace of Γ11 and
the effective 5D gamma matrices defined in (A.6) are consistent with the 10D chirality
constraint on the spinor fields, because they are proportional to an even number of the
original 10D gamma matrices. However, it is important to realize that IIB supergravity
contains independent spinor fields of opposite chirality, namely ψM and λ. This leads to a
subtlety in view of (A.7), which indicates that different chirality spinors involve inequiv-
alent gamma matrix representations in 5D. However, one has to keep in mind that the
chirality assignment can easily be changed in the 5D context by redefining the spinors by
multiplication with one of the matrices (A.4).
Let us now assume that we are starting from 10D with fermion fields of positive chiral-
ity. Hence we can choose a Weyl basis where Γ˘11 is diagonal and make use of the fact that
it commutes with the mutually commuting gamma matrices γˆα and Γˆa. Hence we write
γˆα = σ3 ⊗ γα ⊗ 1l4 , Γˆa = σ3 ⊗ 1l4 ⊗ Γa , (A.16)
where Γ˘11 = σ3 ⊗ 1l16 and γα and Γa are 4 × 4 matrices. It then follows from (A.7) that
they define irreducible representations of the respective Clifford algebras, as
γ[αγβγγγδγτ ] = εαβγδτ 1l4 , Γ[aΓbΓcΓdΓe] = −εabcde 1l4 . (A.17)
The 10D chiral spinors thus transform under the direct product group Spin(1, 4)×USp(4),
whose generators are provided by the anti-symmetrized products of gamma matrices, γαβ
and Γab, respectively. Correspondingly the charge conjugation matrix Cˆ can be written
(adjusting possible phase factors) as the direct product of the two 5D anti-symmetric
charge conjugation matrices,
Cˆ(16) = C ⊗ Ω(4) , (A.18)
where C denotes the anti-symmetric charge conjugation matrix for a 5D space-time spinor
and Ω(4) is the symplectic matrix that is invariant under the USp(4) R-symmetry. In this
case we may write (A.14) as
C γαC
−1 = γαT , Ω(4) ΓaΩ−1(4) = Γa
T . (A.19)
However, the chiral spinors are complex which implies that the fields (ψ,ψc), which
constitute the 32-component spinor Ψ, can again be rearranged in a pseudo-real form as
in (2.20). The doubling of field components enables one to realize the extension of the
R-symmetry group from USp(4) × U(1) to USp(8). It then follows from (2.20) that the
extended USp(8) invariant tensor must take the form
Ω = Ω(4) ⊗ σ1 . (A.20)
Consequently, (2.20) and (A.18) imply the symplectic Majorana condition,
C−1Ψ¯T = Ω Ψ , (A.21)
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where Ω is an 8 × 8 anti-symmetric matrix. Both matrices C and Ω are anti-symmetric
and unitary.
We close this appendix with some additional definitions that will be useful in the next
appendix B. First of all we write the anti-symmetric tensor Ω(4) as Ω(4)IJ and its complex
conjugate as Ω¯(4)
IJ , so that Ω(4)IJ Ω¯(4)
JK = −δIK , where I, J,K = 1, . . . , 4. The gamma
matrices Γa are then written as Γa
I
J , so that
Ω(4)
T = −Ω(4) , (Ω(4) Γa)T = −(Ω(4) Γa) , (Ω(4) Γab)T = (Ω(4) Γab) , (A.22)
with similar relations for (Γa Ω¯(4))
IJ and (Γab Ω¯(4))
IJ . The six matrices Ω(4)IJ and
(Ω(4) Γa)IJ form a complete set of 4 × 4 anti-symmetric matrices, and the ten ma-
trices (Ω(4) Γab)IJ a complete set of 4 × 4 symmetric matrices This leads to the
completeness relations
Ω(4)IJ Ω¯(4)
KL + (Ω(4) Γa)IJ (Γ
a Ω¯(4))
KL = 4 δ[I
K δJ ]
L ,
(Ω(4) Γab)IJ (Γ
ab Ω¯(4))
KL = 8 δ(I
K δJ)
L . (A.23)
B The R-symmetry group and the fermion representations
In the previous appendix we considered a 10D chiral spinor and described its properties
in the context of a product of a five-dimensional space-time and a five-dimensional inter-
nal space. The gamma matrices and the charge conjugation matrices were decomposed
accordingly. The 10D spinors then transform under a subgroup of the original Spin(1, 9)
transformations consisting of the Spin(1, 4) group associated with the 5D space-time and
the group USp(4) associated with the internal space.
However, USp(4) is not the full automorphism group (or R-symmetry group) of the
eight symplectic Majorana spinors. This group is actually equal to USp(8), which consists
of the unitary transformations that leave the symplectic and unitary tensor Ω, invariant.
The generators of this group can be easily identified in terms of direct products of the
4× 4 gamma matrices Γa, defined in (A.16), their anti-symmetrized products Γab and the
unit matrix 1l4, and the 2 × 2 matrices (1l2, σ1, σ2, σ3). As a result one derives all the 36
generators of the Lie algebra usp(8) = su(8)∩ sp(8,R), by constructing the complete set of
traceless and anti-hermitian matrices that preserve the symplectic form Ω,
T ≡ i1l4 ⊗ σ3, Ta ≡ iΓa ⊗ σ3,
Tab
0 ≡ Γab ⊗ 1l2, Tab1 ≡ Γab ⊗ σ1, Tab2 ≡ Γab ⊗ σ2 . (B.1)
As expected these matrices close under commutation,
[T, Tab
1] = −2Tab2, [T, Tab2] = 2Tab1, [Ta, Tb] = −2Tab0,
[Ta, Tbc
0] = 4 δa[b Tc], [Ta, Tbc
1] = εabcde T
de 2, [Ta, Tbc
2] = −εabcde T de 1,
[Tab
0, T cd 0] = −8 δ[a[c Tb]d]0, [Tab0, T cd 1] = −8 δ[a[c Tb]d]1, [Tab0, T cd 2] = −8 δ[a[c Tb]d]2,
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[Tab
1, T cd 1] = −8 δ[a[c Tb]d]0, [Tab2, T cd 2] = −8 δ[a[c Tb]d]0,
[Tab
1, T cd 2] = −2 εabcde T e. (B.2)
Observe that the generators are anti-hermitian and the structure constants are real, in
agreement with usp(8) being a real form. The Tab
0 are the generators of the group USp(4) ∼=
SO(5). When extended with the generators Ta one obtains the group SU(4) ∼= SO(6) which
obviously commutes with the generator T . As we will exhibit later, T corresponds to the
SO(6) chirality operator. The latter commutes with the U(1) transformations of the original
10D theory. Clearly SU(4)×U(1) is a maximal subgroup of USp(8).
A chiral 10D spinor Ψ can be decomposed into eight 5D symplectic Majorana spinors
ψA, where A = 1, . . . , 8. Note that from now on we employ indices A,B, . . . to label the
symplectic Majorana spinors. The same indices were previously used in the 10D theory
(in particular in section 2 and appendix A) to denote the 10D tangent-space components.
This should not give rise to confusion in view of the fact that the 10D tangent space will
no longer play a role in what follows. In view of the direct-product structure indicated
in (B.1) the indices A can be written as index pairs A = (Iα), where I = 1, . . . , 4 are USp(4)
indices and α = +,−. Here α = + (α = −) indicates that we are dealing with a chiral (anti-
chiral) SO(6) spinor with positive (negative) U(1) charge.6. Based on this direct-product
structure the eight 5D gravitini ψµ
A transform under the USp(8) R-symmetry group with
generators that can be read off directly from (B.1). It is thus clear that that each of the
ψµ
A decomposes into two components of opposite SO(6) chirality which therefore carry
opposite values of the U(1) charge. This fact enables us to unambiguously identify the
various chiral fermionic components on the basis of this charge. Furthermore we note that
the symplectic Majorana constraint (A.21) relates fermion fields of opposite U(1) charges,
which is consistent with the form of the symplectic matrix Ω defined in (A.20). For instance,
for the gravitini we have
C−1ψ¯µ I+T = (Ω(4))IJ ψµJ− , (B.3)
where C denotes the charge conjugation matrix associated with the five-dimensional
space-time.
Let us now turn to the spin-1/2 fermions which originate from the fields (ψa, ψa
c) and
λ, λc and constitute 48 independent 5D symplectic Majorana spinors. From 5D maximal
supergravity we know that these spinors can be written as a symplectic traceless, fully
anti-symmetric three-rank USp(8) tensor χABC . This is consistent with the fact that the
spin-1/2 fields carry U(1) charges ±1/2 and ±3/2. We intend to determine the (linear)
relation between the components of χABC and the fields ψa
A and λA by making use of
the fact that these fields do all transform consistently under the action of the maximal
subgroup SU(4) × U(1) of USp(8). To see how this works let us present the branching of
6We ignore the various redefinitions of the spinors that are considered in section 3. These redefinitions
should be performed before making the decompositions described in this appendix, but their precise details
are not relevant here.
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ψµ
A and χABC under the SU(4)×U(1) subgroup,
8
SU(4)×U(1)−→
(
4,
1
2
)
⊕
(
4,−1
2
)
,
48
SU(4)×U(1)−→
(
4,
3
2
)
⊕
(
4,−3
2
)
⊕
(
20,
1
2
)
⊕
(
20,−1
2
)
. (B.4)
The chiral representations on the right-hand side are now unambiguously identified by the
corresponding U(1) charge, so that they must correspond to the fields ψµ, ψµ
c, and λ, λc,
ψa and ψa
c, respectively.7 To determine the precise relation, we again write the indices
of the symplectic Majorana field χABC by employing the direct-product representation
introduced before, with A = Iα, B = Jβ and C = Kγ. Since α, β, γ take only two possible
index values, at least two of them must always be equal. Hence we may distinguish the fields
χI± J±K±, which must be fully anti-symmetric in the indices I, J,K, and thus correspond
to 4 + 4 symplectic Majorana fields, and the fields χI± J±K∓, which are anti-symmetric in
the indices I, J , and thus define 24 + 24 fields. The remaining fields χIα Jβ Kγ follow then
from imposing the overall anti-symmetry. However, unlike the fields χI± J±K±, the fields
χI± J±K∓ are not manifestly traceless with respect to contractions with the symplectic
matrix Ω. This implies that one must impose the additional condition
χI± J±K∓ (Ω(4))JK = 0 , (B.5)
which reduces the number of independent spinors in this sector to 20 + 20, as it should.
Let us first analyze the correspondence for the spinors χABC with positive U(1)
charge +32 , which must be linearly related to the 10D spinor λ. The former must be
given by χI+ J+K+, which must necessarily be fully anti-symmetric in USp(4) indices.
From (A.22) one then concludes that χI+ J+K+ can be decomposed into two terms, namely
(Ω¯(4))
[IJ (λc )K] and (ΓaΩ¯(4))
[IJ(Γaλ
c )K]. However, the first completeness relation (A.23)
leads to
(ΓaΩ¯(4))
IJ(Γaψ)
K = −4 (Ω¯(4))K[I ψJ ] − (Ω¯(4))IJ ψK , (B.6)
for an arbitrary USp(4) spinor ψ, so that the two terms are in fact related. Hence we may
adopt the following ansatz,
χI+ J+K+ = c3/2 (Ω¯(4))
[IJ λK] , (B.7)
where c3/2 is a complex proportionality factor which is undetermined at this stage. The
fields with charge −32 are then defined through the symplectic Majorana condition,
χI− J−K− ≡ − (Ω¯(4))lL (Ω¯(4))JM (Ω¯(4))KN C−1 χ¯L+M+N+T
= c¯3/2 (Ω¯(4))
[IJ (λc)K] . (B.8)
The relation between the spinors χI+ J+K− and ψa with U(1) charge + 12 is more subtle.
First consider the following ansatz,
χI+ J+K− = c1/2
[
(ΓaΩ¯(4))
IJ (ψˆa)
K − (Ω¯(4))IJ (Γa ψˆa)K
]
, (B.9)
7A vector-spinor in odd dimension d can consistently transform under SO(d+ 1) by describing it as an
irreducible chiral vector-spinor in d+ 1 dimensions.
– 45 –
J
H
E
P
0
4
(
2
0
1
5
)
0
9
4
where ψˆa = ψa +αΓaΓ
bψb with α an undetermined parameter, so that we are now dealing
with two new parameters, c1/2 and α. The linear combination in (B.9) is chosen such that
the USp(8) constraint (B.5) is satisfied. An alternative version of (B.9), which is the one
that we will actually use, is
χI+ J+K− = c1/2
[
(ΓaΩ¯(4))
IJ (ψa)
K − (Ω¯(4))IJ (Γa ψa)K
]
+ c′1/2
[
(Ω¯(4))
IJ (Γaψa)
K +
2
3
(Ω¯(4))
K[I (Γaψa)
J ]
]
, (B.10)
but also this expression can be rewritten by making use of the identity
(Γa Ω¯(4))
[IJ (ψa)
K] = −(Ω¯(4))[IJ(Γa ψa)K] . (B.11)
As before we define the spinor components with U(1) charge −12 by
χI− J−K+ ≡ − (Ω¯(4))lL (Ω¯(4))JM (Ω¯(4))KN C−1 χ¯L+M+N−T
= c¯1/2
[
(ΓaΩ¯(4))
IJ (ψa
c)K − (Ω¯(4))IJ (Γa ψac)K
]
+ c¯′1/2
[
(Ω¯(4))
IJ (Γaψa
c)K +
2
3
(Ω¯(4))
K[I (Γaψa
c)J ]
]
. (B.12)
Hence we have obtained the linear relation between χABC and the original 10D spinors, de-
pending on three unknown complex constants, c3/2, c1/2 c
′
1/2. Their values are determined
in section 5, as we will be discussing at the end of this appendix.
We will now merge the chiral and anti-chiral spinors with opposite U(1) charges into
eight-component symplectic Majorana spinors. In that case it is convenient to introduce
SO(6) gamma matrices and chiral projection operators. The 8×8 gamma matrices (Γaˆ)AB,
where aˆ = 1, . . . , 6, are defined in terms of direct products of 4× 4 and 2× 2 matrices, just
as in (B.1),
Γa ≡ Γa ⊗ σ1 , Γ6 ≡ 1l4 ⊗ σ2 . (B.13)
These (hermitian) gamma matrices satisfy the Clifford property{
Γaˆ ,Γbˆ
}
= 2 δaˆbˆ 1l8 . (B.14)
and satisfy the following charge-conjugation properties,
Ω Γaˆ Ω
−1 = ΓaˆT , with ΩT = −Ω , Ω−1 = −Ω¯ , (B.15)
where the anti-symmetric charge conjugation matrix ΩAB was defined in (A.20). The
chirality operator Γ7 is obtained in the standard way,
Γ[aˆ Γbˆ · · ·Γfˆ ] = −iεaˆbˆcˆdˆeˆfˆ Γ7 , where Γ7 = 1l4 ⊗ σ3 . (B.16)
Observe that Γ7 is hermitian and behaves under charge conjugation as Ω Γ7 Ω
−1 = −Γ7T.
Furthermore Γ7 coincides with the U(1) charge that was already present in the original
10D theory.
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The gamma matrices Γaˆ and their multiple anti-symmetrized products define a com-
plete basis for matrices in the 8-dimensional spinor space. They can conveniently be de-
composed into 28 anti-symmetric matrices Ω, ΩΓaˆ, ΩΓaˆΓ7 and ΩΓaˆbˆΓ7, and 36 symmetric
matrices ΩΓ7, ΩΓaˆbˆ and ΩΓaˆbˆcˆ. The latter are related to the anti-hermitian generators of
USp(8) that were already defined in (B.1),
T = iΓ7 , Ta = Γa6 ,
Tab
0 = Γab ,
T ab
1 =
1
6
εabcde6 Γ
cde ,
T ab
2 = Γab6 .
(B.17)
We have now obtained a parametrization of the relation between the fields χABC and
the fields λ, λc, ψa and ψa
c originating from the 10D theory in terms of (anti-)chiral
components. This relation is in accordance with the SU(4) × U(1) branching of the
spinor fields presented in (B.4). The resulting expressions for given charges were given
in (B.7), (B.8), (B.10), (B.12), which can be converted in terms of the SO(6) gamma ma-
trices Γaˆ. Since we have established this relation for chiral and anti-chiral components
separately, it is convenient to introduce chiral projection operators
P± =
1
2
(
1l± Γ7
)
. (B.18)
The spinor χABC is subsequently decomposed in tri-spinors with all possible chiralities,
χABC = χABC+++ + χ
ABC
−−− + χ
ABC
++− + χ
ABC
+−+ + χ
ABC
−++ + χ
ABC
−−+ + χ
ABC
−+− + χ
ABC
+−− . (B.19)
For the spinors with U(1) charge equal to +3/2 and +1/2 we derive, respectively,
χABC (+++) = i c3/2 P+AD P+BE P+CF
[
Γ7Γ6 Ω¯
][DE
λF ] ,
χABC (++−) = i c1/2 P+AD P+BE P−CF
[[
Γa Ω¯
]DE (
Γ7Γ6 ψa
)
F − [Γ7Γ6 Ω¯]DE (Γa ψa)F ]
+ i c′1/2 P+AD P+BE P−CF
[[
Γ7Γ6 Ω¯
]DE (
Γa ψa
)F − 2
3
Ω¯F [D
[
Γ7Γ
a6ψa
]E]]
,
(B.20)
where the spinors λ and ψa are now 8-component spinors consisting of (λ, λ
c) and (ψa, ψa
c).
The labels (+++) and (++−) on the left-hand side indicate how the indices are contracted
with the chiral projectors. Note that the combinations (+ − +) and (− + +) are related
upon interchanging the indices A,B,C correspondingly. The corresponding spinors with
charges −3/2 and −1/2 read the same with c3/2, c1/2 and c′1/2 replaced by their complex
conjugates and with opposite projectors.
Confronting the above decompositons to the equations (5.7) uniquely determines the
three constants to c3/2 = −34 , c1/2 = −14 and c′1/2 = −12 . The corresponding expression for
χABC equals
χABC = − 3
8
i
[(
Γ6 Ω¯
)[AB (
Γ7λ
)C]
+
(
Γ7Γ6 Ω¯
)[AB
λC]
]
− 3
8
i
[(
Γa Ω¯
)[AB (
Γ7Γ6ψa
)C] − (Γ7Γa Ω¯)[AB (Γ6ψa)C]]
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− 3
8
i
[(
Γ7Γ6 Ω¯
)[AB (
Γaψa
)C] − (Γ6 Ω¯)[AB (Γ7Γaψa)C]]
− 1
2
i Ω¯[AB
(
Γ7Γ6Γ
aψa
)
C] . (B.21)
Here we shoud stress that this form of the solution is not unique as it can be rewritten by
Fierz reordering. In section 5 we have presented an equivalent but shorter expression.
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